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Abstract. In this paper, we give some new criteria that guarantee the existence of at least one weak
solution and two weak solutions for a p-Hamiltonian boundary value problem generated by impulsive
effects. To ensure the existence of these solutions, we use variational methods and critical point theory
as our main tools.
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1 Introduction

In this research, we prove the existence of at least one weak solution and two weak solutions to the
following second-order impulsive p-Hamiltonian system

— (w2 ') + At)|ulP~2u = AVF(t,u) + uVG(t,u), ae. teJ,
A (t)P2u(t)) = Lij(ui(ty), i =1,2,...,N, j=1,2,...,m, (1.1)
u(0) = u(T) = w'(0) —w/(T) = 0.
Here, we assume that

e N>1,m>2,p>1,T>0and A > 0;

e the function F : [0,7] x RY — R is measurable in [0, 7] and is C* in RY;

e G:[0,T] x RN — R is a function such that G(-,z) is continuous on [0, 7] for all x € RY and
G(t, -) is C* on RY for almost every t € [0,77;

e 0=ty <ty < - <tm <tmy1 =T, =[0,T]\ {t1,t2,.. -, tm}, u(t) = (u1(t),...,un(t)) and
A(ul(ty)) = u;(t;r) - ug(t;) such that u;(tjt) = lirri ul(t);
t—t
J

o the functions [;; : R - R (i = 1,2,...,N and j = 1,2,...,m) satisfy |I;;(s)| < Ly;|s|P~" for
every s € R;

o A(t) = (a;;(t)) nxn is an N x N continuous symmetric matrix and there is a positive constant
A such that (A(t)|z[P~2z,2) > Az|? for all z € RN and t € [0, 7).

The study of the multiplicity of the solutions of Hamiltonian systems, as particular cases of dynamical
systems, is mathematically important and interesting from a practical point of view. This is because
these systems constitute a natural framework for the mathematical models of many natural phenomena
in fluid mechanics, gas dynamics, nuclear physics, relativistic mechanics, etc. Inspired by the mono-
graphs [27] and [32], the existence and multiplicity of weak solutions for Hamiltonian systems have
been investigated by many authors using variational methods (see, e.g., [13,14,16,18,20,28,30,39,43,46]
and the references therein).

In recent years, critical points theorems were widely used to solve differential equations (see [3,7,
10-12,19,25] and references therein).

In contrast to Hamiltonian systems, for the general case p > 1, the study of the existence and
multiplicity of periodic solutions is recent (see [21,40]). In [40], Xu and Tang proved the existence of
periodic solutions for the problem

{—(|u'|p2u’) = VFE(t,u), ae. te(0,T), 12)

uw(0) —u(T) =u'(0) —u/(T) =0

by minimax methods in the critical point theory. In [26], Ma and Zhang obtained some results on the
existence and multiplicity of non-trivial periodic solutions for system (1.2). These results generalize
the corresponding results in [34]. In [21], two existence results have been established by the least action
principle and the Mountain-pass lemma for ordinary p-Laplacian systems with nonlinear boundary
conditions.

In [25], based on two general three critical points theorems due respectively to Ricceri (see [33]) and
Averna—Bonanno (see [4]), the authors proved the existence of three solutions for the p-Hamiltonian
system

—(J' [P 2) + A |ulP~2u = AVF(t,u) + pVG(t,u), ae. t e J,
u(

0) — w(T) = u/(0) — /(T = 0.

In this article, we use three theorems of Bonanno to prove the existence of one weak solution and two
weak solutions for problem (1.1).
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2 Preliminaries

For a given non-empty set X and two functionals ®, ¥ : X — R, we define the following functions:

sup  U(u) — ¥(v)

u€P—1(ry,r2)

) = i f )
B(Tl TQ) 1)6<D}P(r1,r2) To — (I)(’U)
U(v) — sup U(u)
o (T , ) . sup uEP—1(—o0,r1)
2\1"1,72) —
vEP—1(ry,r2) (P(U) |

for all 1,72 € R, 1 < ro, and

U(v) — sup U (u)
u€P—1(—o0,r)

p(r) = sup
vEP—1(r,00) (I)(U) -r
for all r € R.
The following critical point theorems due to Bonanno will be used to prove our mail results.

Theorem 2.1 ([6, Theorem 5.1]). Let X be a real Banach space, ® : X — R be a sequentially weakly
lower semicontinuous, coercive and continuously Gateaux differentiable function whose Gateauz deriva-
tive admits a continuous inverse on X*, and let ¥ : X — R be a continuously Gateaux differentiable
function whose Gateauz derivative is compact. Assume that there are ri,79 € R, 71 < rq, such that

B(r1,r2) < p2(r1,72).

Then, setting Iy := ® — AV, for each \ € (m, m), there is ug x € ®~(r1,m2) such that

In(uox) < Ix(u) for allu € ®=(ry,m2) and I (ug,x) = 0.

Theorem 2.2 ([6, Theorem 5.5]). Let X be a real Banach space, ® : X — R be a continuously
Gateauz differentiable function whose Gateaux derivative admits a continuous inverse on X*, and let
U : X — R be a continuously Gateaux differentiable function whose Gateaux derivative is compact.
Assume that there is r € R, with i?{f(b <r <sup®, such that

X

p(r) >0,

and for each \ > ﬁ , the functional Iy := ® — AV is coercive. Then for each \ € (ﬁ, +00), there

is upx € 71 (r,400) such that Iy(up,) < Ix(u) for all u € @1 (r,+o00) and I} (ugp,») = 0.

Theorem 2.3 ([5, Theorem 3.2]). Let X be a real Banach space and &,V : X — R be two continuously
Gateauz differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0. Fix

r > 0 such that sup U(u) < 400 and assume that for each A € (O,ﬁ), the

ued—1(r,400) wed—1(r,4+00)
functional Jx = ® — A® satisfies the (PS)-condition and is unbounded from below. Then for each
A€ (O, ﬁ), the functional Jy admits two distinct critical points.

u€®—1(r,+o0)

Here, we recall some basic concepts that will be used in what follows. Let
WP = {u :[0,7] — RY . wis absolutely continuous, u(0) = u(T), u’ € L”([O,T],RN)}7

be endowed with the norm

T

full = ([ WP + (40OP2u(0,u00)

0

=
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Observe that

N N
(AW, 2) = 2l Y ay(Owia; < ol Y las; (0)] |l 2] < ( S o oo Il

5,J=1 4,g=1 1,j=1
N
Then there exists a constant A Z llaij(t)||oo such that (A(t)|z|P~2z,z) < A|z|P for all z € RV,
So, - ~
min{ 1, A}|[[ul[ [P < fluf|” < max{T, A}{[u]l[", (2.1)
where

T T %
lulll = <O/|u<t>|pdt+0/|u wra)

is the usual norm of W,”. Let

ko= sup (ES llu]loo = sup |u(t)], (2.2)
wEW P\ {0} Jull t€[0,T]
where | - | is the usual norm of RY. Since W%’p < (0 is compact, one has ky < +oo0 and for each
u € WP, there exists € € [0,T] such that |u(€)| = min,e(o,7) [u(t)|. Hence, by Holder’s inequality,
one has
T . T
(1) = \/ s +u(e) g/\u'<s>|ds+f/|u<s>\ds
0
T 1 T 1
§/| '(s )|d5+—/\u \d5<Tq </|u/(5)pds> +T_11’</|u(5)|pds>
0 0 0
1 T 1
§max{T<11,T_rl>}<(/u'(s)|pds> + (/u(s)pds> )
0 0
T T 1
< \75max{Té,T—é}(/|u'(s)|1’ds+/|u(s)|pds> = /2 max{T«, T~ }|||ul|
0 0
for each ¢t € [0,T) and ¢ = T So, by (2.1) and the above expression, we obtain

1
oo < ¥/2 max{Ts, 7% }{[Jul|| < V2 max{T«,T~»}(min{1,A}) " [lul.

From this and (2.2) it follows that
ko <k= 2 max{Té,T_%}(min{l,A})ig

For all v € W%’p we have
T T
/ ()P~ (1)) o(t) dt + / (AW 2u(t), v(t)) dt
0 0

(VG(t, u(t)),v(t)) dt =0,

o\ﬂ

T
=X [ (VF(t,u(t),v —p
/
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according to the condition of problem (1.1),

(O~ (), v'(1)) + (A(t)\U(t)l”_Qu(t),v(t))} dt

O\ﬂ

T T
YO L(us(ty) )\/ (VE(t,ult u/ (VG(t,ut)),v(t))dt =0 (2.3)
=11 0 0
for all v € WP, As usual, a weak solution to problem (1.1) is any u € W,” that satisfies in (2.3).

3 Main results

For two given non-negative constants 6; for i = 1,2 and a given positive constant d with or +
(%_T_i)/\Tk:pdp, put
T T
J max [F(t,u(t)) + & G(t,u(t))] dt — [ F(t,d)dt
a Qi:::O = — o s
(6) 07 — (12)AThrdr
(1—8)07 — (1 + s)ATkPdP — )\pk:pf ‘HllaX F(t,u)dt + )\pkpfF (t,d)dt
u| <61
M1 = )
pkP | max G(t,u)dt
0f|u|<91 (tw)dt
(1 —5)05 — (1 + s)A\TkPdP — )\pkpf ‘Hlla); F(t,u)dt + )\pk;pfF (t,d)dt
0 lu|<02
M2 =

kP Gt
p fﬁ?i‘é@ (t,u)dt

and
m N
S = kpZZLij < 1.
j=1i=1

Now, we present an application of Theorem 2.1 that we will used to obtain one nontrivial weak
solution.

Theorem 3.1. Assume that there exist three nonnegative constants 61, 02, and d with

1
o7 < ( s )ATdep <op (3.1)
1-—
such that
T
(A1) /F(t, d)dt > 0 for every t € [0,T];
0
(Ag) ad(ﬁg) < ad(Gl).
Moreover, \ € (;kf) (ad(161)7 ad(leg)) and potential G(t, x) for all (t,x) € [0,T]x (0, +00), is nonnegative.

Then for every p € (u1, p2), problem (1.1) admits at least one nontrivial weak solution uy € W%’p

Proof. Let X = W,* be endowed with || - ||. We introduce the functionals ¢, 1 : X — R for each u

in X as follows:
wi(t;)

o =L+ 305 [ 1

j=11:i=1
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and

T T
(u) = / F(t,u(t))dt+§ / G(t,u(t)) dt
0 0

and put Jy(u) := ¢(u) — Mp(u). Let us prove that the functionals ¢ and + satisfy the conditions. It
is well known that v is a differentiable functional whose differential at the point v € X is

T T
V@) = [ (VEEu0)v®)di+ 5 [ (960 u). o) d
0 0
for every v € X as well as being sequentially weakly upper semicontinuous. Furthermore, ¢’ : X — X*
is a compact operator. Indeed, it is enough to show that 1)’ is strongly continuous on X. To this end,

for fixed v € X, let u, — u weakly in X as n — oo; then {u,} converges uniformly to u on T as
n — oo (see [44]). Since VF, VG are continuous functions in R for every ¢t € T,

V(L un) + % VG(t, un) — VE(t,u) + g VG(t, )

as n — oo. Hence 9/ (u,) — 9'(u) as n — co. Thus we have proved that v’ is strongly continuous on
X, which implies that ¢’ is a compact operator by Proposition 26.2 of [44]. Furthermore, ¢’ : X — X*
admits a continuous inverse, where

T
S = [ (WO 2@ + ABuOP2uu) | d
0

for every v € X. Clearly, the weak solutions of problem (1.1) are exactly the solutions of the equation
Ji(u) = 0. Now, put

Ty = (1=3) (ﬁy), To 1= (1=s) (%)p and w(t) :=d.

In particular, from (3.1) we conclude that
r1 < ¢(w) < 7.
On the other hand, for all u € X, we have
¢ M (—oo,ra) ={ueX: p(u) <r}={u€X: Ju<c},

from which it follows that

u€p—1(—o0,rs2) u€p—1(—o0,rs)

sup P(u) = sup [/T )+ G(t u(t ))) dt]
0

T

< / max [F(tu(e) + 5 ()] ar
0

(t)|<62

Arguing as before, we obtain

sup P(u) = sup {/T )+~ i\ G(t u(t ))) dt]
0

u€p—1(—o0,r1) u€p—1(—o0,r1)
T

< 0/ max [F(tu0) + 4 Gt u(e))] ar.

(t)|<61
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Since w(t) > 0 for each ¢t € T, assumption (A;) ensures that

Y(w) > [ F(t,d)dt.
/

Then, due to the fact that G > 0, we get

T

T
/ max [F(t,u(t)) —&—%G(t,u(t))} dt > /F(t,d) dt,
0

|u‘<92

and thus aq(f2) > 0. At this point, we have
sup  Y(u) — Y(w)

u€p~!(—o0,rz)

<
6(r1’r2) — T2 _ (b(w)
T T
[ max [F(t,u(t)) + & G(t,u(t))] dt — [ F(t,d)dt
<0 [u]<02 0
= (1;5) (%)p _ (1+;)XT dp
T T
F(t,u(t)) + £ G(t,u(t)] dt — [ F(t,d)dt
(1-s) 05 — (FE2)ATkpdp
pkP
= 0).
=) aa(f2)
Since aq4(62) > 0, hypothesis (Ag) implies that
T T
/ mas [F(t,u(t) + £ Gt u(e)] dt < / F(t,d) dt.
|u\<01 )\
0
So,
B = s
ucep—(—oo,ry
>
Plrre) = g
T T
[F(t,d)ydt— [ max [F(t,u(®) + & G(t, u(t))] dt
> 0 0 Jul<*
- (14+s)AT (1-s) (0
DT gp — =) (e
T T
F(t,d)dt — F(t,u(t)) + & G(t, u(t))| dt
ke Of (t,d) ({ﬁl‘lggl[(u()) % G(t,u(t))]
(1-3) (AT kPdr — 67
pk?
= 0
1= )
Hence, from assumption (Asg), B(ri,7m2) < p2(r1,72). Therefore, from Theorem 2.1, for each A €
(;;s) (ad(lel)7 ad(lez) ), the functional J, admits at least one critical point uy such that

1 <¢(U1)<7’2. |

Theorem 3.2. Assume that there exist two constants 0 and d with
(1 + s

— S

)XTkPEp <P

such that
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T
/Ftd dt > 0 for every t € [0,T);
0

() 1m VOGN _ o VGG

e e e S P = 0 uniformly, for almost every t € [0,T].
(As) There exist the constants ¢ > 0 and 1 < g < p such that
IVE(t,2)] < e(1+ |2]*7)
for all z € RN and almost every t € [0, 7).

(Ag) Foranyi e {1,2,...,N} and j € {1,2,...,m}, there exist the constants a;; > 0, b;; > 0 and
vij € [0,1] such that
Lij(y) = —ay; — bizy™ (y 2 0) and L;j(y) < ai; + bij(—y)™ (y <0).

Let A > A3, where

(1—2s) U+ﬂXTmﬂp_9p
)\3 = 9

pk'p T
[F(t,d) dt—f‘mla% (F(t,u) + &£ G(t,u)) dt
0 0 lul<

whose potential G(t,x) for all (t,z) € [0,T] x (0,+00) is nonnegative. Then for every p € (0, us),
where

(1—s)6P — (1—1—8))\Tkpdp—)\pk:pf‘mlaxF (t u)dt—i—)\pk‘pfF (t,d)dt
0 u
py = 7 :

pkpfmax G(t,u)dt
0 lul<6

problem (1.1) admits at least one nontrivial weak solution uz € W%’p.

Proof. Since the critical points of the functional J := ¢ — A\ on X are exactly the weak solutions
of problem (1.1), our aim is to apply Theorem 2.1 to ¢ and . It is well-known that ¢ is a continu-
ously Gateaux differentiable and sequentially weakly lower semicontinuous functional. Moreover, v is
continuously Gateaux differentiable and sequentially weakly continuous. Owning to the assumption
(Ag), we have

z

b
/Iij(t) dt > —azjz — —2= 2001 = —ay5lz| - —L— |zt (2 >0)

Yij + 1 +1
0
and
0 bi;(—1)7ii b
/ ()dt<7aw,gf%z%j+l :aij|z|+%jzil 129+ (2 < 0).
Therefore, for every i € {1,2,..., N}, j €{1,2,...,m} and z € R,
[ 1sttyde = —ailel - e, (3.2)
0

small enough, we can find a constant C.; > 0 such that

Thanks to (Ay), fixing 0 < ¢ < %

|IG(t, )| < C. + = |x|P (3.3)
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for every z € RY and almost every t € [0,7]. Also, taking (A5) into account, we get
[F(t,2)| < ]+~ |96|q (3.4)

for every € R and almost every ¢ € [0, T]. Now, by (3.2)7 (3.3) and (3.4), forallu € X and A € RT,
we obtain

T m N Ui(tj)
o(u) — Mp(u) = f||qu /Ftu dt—ﬂ/Gtu dt—}—zz /
0 j=11i=1
1 ’ 7
> = p_ q )P
>l = [ (ctu(®] + £ u)i7) de - u/ u(t)”) di
0 0
m N
_Zzamu |_ZZ t)| it
j=1i=1 j=11i= 1%3

! p_ ] q : —3pt
> 2 (1= oty e = 2 (ming0,0)Eachul? = (min1,0) 7 Achul

_HOET_ZZGUW |_ZZ _|_1 %]Jrl
j=1i=1 j=11i=1 Vij
Since p > q and ¢ is small enough,
im  [p(u) — M(u)] = +oo, (3.5)
llull—+o00

which means that the functional J, is coercive. Let r := (1;‘9) (£)P and w(x) = d. We obtain

Dk F(t,d)dt — f\rﬁix( (t,u) + £ G(t,u)) dt

> —
o 2 (1-s) (=) \Tkrd" — 6r

So, from our assumption it follows that p(r) > 0. Hence, from Theorem 2.2 for each A > As, the
functional Jy admits at least one local minimum wu3 such that

P(uz) >,

and the conclusion is achieved. O

Now, we present an application of Theorem 2.2 which will be used to obtain two nontrivial weak
solutions.

Theorem 3.3. Suppose F' and G satisfy the assumptions (A;) for i = 4,5,6 and there are M > 0
and o > p such that

(A7) 0 < oF(t,x) < (VFE(t,x),z) for all x € RN with |x| > M and a.e. t € [0,T).
Let X € (0, \s), where

. (1—29) (s
4 = pkp T )
Ik max (F(t,u) + & G(t,u)) dt
0 lul<

whose potential G(t,x) for all (t,x) € [0,T] x (0,400) is non-negative. Then for every p € (0, py),
where
(1—s)6P — )\pkpf max F(t,u) dt

L 0 lul<o
Mg = T ;

kP [ max G(t,u)dt
o [

problem (1.1) admits two distinct critical points.
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Proof. We prove this theorem by using the same reasoning as in the proof of Theorem 2.3. First, we
show that Jy satisfies the (PS)-condition. Suppose that {u,}5; is a (PS)-sequence of Jy, that is,
there exists C' > 0 such that

Ia(up) = C,  Jy(up) — 0 as n — oco.

Assume that |Ju,| — +oo. Then (3.5) contradicts Jy(u,) — C; hence {u,}2, is bounded in W7
We may assume that there exists ug € W%’p satisfying u,, — uo weakly in W%’p , Up — ug in LP[0,T),
U () — ug(t) for almost every ¢ € [0,T]. Observe that

T
)t = 0) = [ |4, OF 201, 0,0) = ) + (AWt O 0) 008 ~ w0l
0
T

(VG(t, un(t)), un(t) — uo(t)) dt

—=

_ )\/ (VE(t, wn (), un (1) — wolt)) dt —

0

Z 1)) ((wn)i(t;) = (uo)i(t;)).

HMS °

We already know that
Ji (un) (up, —ug) — 0 as n — oo.

y (A4). given € > 0, we can find a constant C. > 0 such that
IVG(t,z)| < C. +¢elzP™!

for every z € RN and almost every ¢ € [0,7]. So,

(VG(t, un(t)), un(t) — uo(t)) dt — 0 as n — .

St~

Moreover, by (As),

T
/ (VF(t,un(t)), un(t) — uo(t)) dt — 0 as n — .
0

Also,
m N
ZZIU ((“n) (t]))((un)z(t]) (up)q(t )) —0 as n—
Therefore,
T
/ { (P2, (£), up, () — ug(t)) + (A(t)|un(t)|pizun(t),Un(t) — uo(t)) dt -0 as n — 0.
0

This, together with the weak convergence of u,, — ug in W%’p , implies that
Uy — Ug in W%’p as n — oo.

Hence J) satisfies the (PS)-condition. Finally, we prove that Jy is unbounded from below. Owning
to the assumption (A7), we can find 6 > 0 such that for every M > 0, one has

|F(t,x)] > M|z|® for 0 < |z| < ¢ and almost every ¢ € [0,T].
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We choose a nonzero nonnegative function v € C§°([0,T]) and take ¢ > 0 small enough. Then we
obtain

T m N ev,; (t)(t
I(ev) = ~llevlP - A/th Dit—p [ Gev)dr+ Y /
0 Jj=11i=1 0
m N
< S ol - xazee / P dt =33 aglu(t) - 303" )it
Jj=11i=1 j=11:i=1 Vij
eP P o o g vij+1
< —|v||P = AMe \v(t)| dt — ZZaiﬂevi ti)| — Z lev () (E;)]797™.
p j=1i=1 1i=1 Vi + 1
0 j=11i= Jj=11i=
Since o > p, this condition guarantees that J is unbounded from below. Now, we have
) r
sup u max (F(t,u) + & G(t,u)) dt max (F(t,u) + & G(t,u)) dt
u€p—1(r,400) < 0f|u\<9( ( ) A ( )) . pkp {\u|<9( ( ) A ( ))
- (1—s) (6 - —
r =L (4)p (1—-29) or
Finally, for each X € (0, W), problem (1.1) admits two distinct critical points. O

u€¢p—1(r,+o0)

4 Applications

In this section, we point out some consequences and applications of the results previously obtained.

Theorem 4.1. Assume that there exist two positive constants 6 and d with

(1+8

— S

)XTkpdp < gp

such that assumption (Al) in Theorem 3.1 holds. Furthermore, suppose that

T
max F'(t,v)dt
'({‘|v|<9 ( )

ov <(

(As) SNTkpdr

Then for each

Lo (s (GEATRE e
pkP T » T ’
[ F(t,d)dt [maxF(t,v)dt
0 0 Ivl<e

the problem
—(lw'|P~ 2u’) A®)|ulP~2u = A\VF(t,u), a.e teJ,
A ()P~ 2ul(ty) = Lij(wi(ty)), i=1,2,...,N, j=1,2,...,m,
u(0) —u(T) = v/ (0) —u/(T) =0,
admits at least one nontrivial weak solution.

Proof. The conclusion follows from Theorem 3.2, by taking 1 = 0, f3 = 6 and p = 0. Indeed, owing
to assumption (Asg), one has

T (=2)xrkrar | L
fmaxF ydt — [F(t,d)dt (1 - " =7%——) [max F(t,v)dt T
0 lvl<e 0 o lvl<® 1
a,(0) = e < = max F'(t,v) dt.
0P — (;55)ANTkpdp or — (FE2)NTkpdp o jv|<6
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On the other hand,

T
JF(t,d)dt
0

O = =

Hence, in view of (Ag), Theorem 3.2 ensures the conclusion. O

Now, we suppose that VF : [0,7] x RN — R is a nonnegative function. We note the following
lemma, which is useful to obtain the results on the existence of nonnegative solutions.

Lemma. Let VF : [0,T] x RY — R be a nonnegative function. Suppose that u € X is a weak solution
of problem (1.1). Then wu is nonnegative.

Proof. Put v~ = —min{u,0}. Then v~ € X. Taking into account that u is a weak solution and
choosing v = u~, we obtain

T T
0< A/ VF(t,u(t dt+u/ VG(t, u(t),u (t))dt
0

0

T m N
— [ {Iw @2, ) + (Aohtr2ut.u ©)]d+ 303 i) ¢)
0

j=11i=1
=—Jlu"||I” - ZZIij(ui(tj))u;(t]—).
j=1i=1
That is, v~ = 0 a.e. in [0,7]. Hence our claim is proved. O

Now, we point out a result when the nonlinear term has separable variables. To be precise, let
m : [0,7] — R be a function such that m € L([0,7]), m(t) > 0 a.e. t € [0,T], m # 0, and let
VH :RY — R be a nonnegative and continuous function. Consider the following problem:

7(|u’|p*2u’)/ + A(t)|ulP~2u = Am(t)VH (u(t)), ae. teJ,
AW ()P~ 2ul(ty)) = Lij(wi(ty)), i=1,2,...,N, j=1,2,...,m, (4.1)
u(0) —u(T) = v (0) —u/(T) = 0.

Theorem 4.2. Assume that (As) and (Ag) hold and there exist o > p and M > 0 such that

0<oH(s) <sVH(s) (4.2)
for all s € RN with |s| > M. Then for each X\ € (0, \*), where
N (1—1s) or

= —— —  max——,
pkP||m||p1o,ry) 0>0 H(0)
problem (4.1) has at least two nonnegative and non-zero weak solutions.

Corollary. Let VF : RN — R be nonnegative and continuous function and assume (4.2) holds. Then
for each that A € (0, \**), where

wk (1_8/> or ! Lp S
A= o I(?S()J(H(G) and s =k ZIJ~<17

Jj=1

the problem
()P + |ulP~2u = AVH (u(t)), a.e. teJ,

A ()P~ () = Ii(u(ty), j=1,2,...,m
u(0) —u(T) =u'(0) —u/(T) =0

has two monnegative and non-zero classical solutions.
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Proof. This is a consequence of Theorem 4.2 with p = 0, A(t) = I, where [ is the identity matrix of

order p X p, and m(t) =1 for all ¢ € [0, T].

Example 4.1. Consider p = 4 and the function VH(¢) = 5t* + 1 satisfying (4.2). We observe that

max 7 = Y2 and for each A € (0,0.066),

—(\u’\gu’)/ + |u|*u = A\VH (u(t)), a.e. t€(0,1),
Al ()P (1)) = I(u(t)),
u(0) —u(l) =u'(0) —w/ (1) =0

admits at least two non-zero and nonnegative solutions.

Example 4.2. Consider p = 3 and the function

3
§ﬁ+5t4, t>0,
0, t<0.

h(t) =

3

We observe that it is enough to pick, for instance, ;1 = 4 and that (4.2) holds. Moreover, Igla(})( % =
>

Q\ﬁ , and for each A € (0,0.08),

—(Ju ’|u) +\u|u—WH( (1)), ae. te(0,1),
A(Ju' ()]’ (1)) = I(ult)),
(0) - ( ) =u'(0) —u'(1) =0

admits at least two non-zero and nonnegative solutions.

e
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