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REGULARITY OF SOLUTIONS TO p-LAPLACIAN PROBLEM
WITH A LOWER ORDER TERM AND A HARDY POTENTIAL



Abstract. In this paper, we study the existence and regularity results for an anisotropic elliptic
problem involving a lower order term and a Hardy potential. Interestingly, our study reveals that
the use of the Hardy inequality is dispensable due to the inclusion of the lower order term, which
dominates the Hardy term. This inclusion not only improves the regularity of solutions but also
eliminates the need to impose constraints on the coefficient of the Hardy term.
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1 Overview and necessary preliminaries

Anisotropic equations play a crucial role in a wide range of mathematical models. One prominent
example is their application in the study of fluid dynamics, where they capture the behavior of fluids
with varying conductivities in different directions (see [2]). Moreover, these equations find significance
in the field of biology, particularly in modeling the spread of epidemic diseases in heterogeneous envi-
ronments, as explored by Bendahmane, Langlais, and Saad in their work (refer to [3]). These instances
highlight the versatility and importance of anisotropic equations in various scientific disciplines.
This paper focuses on the study of an anisotropic elliptic problem described by the following
equations
ufP~? :
ER + f in €,

u=0 on 0,

—Agu+ vul* "y = p

(1.1)

where  is a bounded open set in RV (with N > 2) having a smooth boundary 9. The vector
7= (p1,...,pn) € RY satisfies the following conditions:

v < | ) |
L<p™= min {p:} <p; <p" = max {p;}, 1<P<N, (12)

here, P represents the harmonic mean of p; and is defined as

The anisotropic Laplace operator Azu is given by

N

AZ-;U = Z 61 [\&u

i=1

ou
sz- ’

Vi=1,...,N.

p"_Qﬁiu], where O;u =

This study assumes v > 0, x4 > 0, and f belonging to L™ () with 1 < m < %. Additionally, the
condition
s>p* (1.3)
_Np_
N—p"
The natural functional framework for problem (1.1) is the anisotropic Sobolev spaces W#(Q) and
W, P(2), which are defined as follows:

is satisfied, where p* =

WLP(Q) = {u eW(Q): due LP(Q), Vi= 1,...,N}

and
WP (Q) = {u eWy'(Q): due LP(Q), Vi= 17--~,N}-

The space Wol’ﬁ(Q) can also be defined as the closure of C§°(€2) with respect to the norm
N
||uHW01’5(Q) = Z 10iul| Lo (0)-
i=1
Equipped with this norm, I/VO1 P (Q) is a separable and reflexive Banach space.
The theory of such spaces was developed in [7,13-15]. In particular, it has been proved in [15]

that if p < IV, then the following continuous embedding holds:

WP(Q) — L"(Q), Vre[l,p*].
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Moreover, this embedding is compact if » < p*. A Sobolev-type inequality is also demonstrated,
showing the existence of a positive constant C, which depends only on |2, such that

N
+ . 5
[ull?s -y < C D 105l s Fu € WP (). (1.4)
i=1
Furthermore, for each i = 1,..., N, there exists a constant C; > 0 (see [12, Lemma 1.1]) such that
[l os 0y < CillOiul| s ey, Y € Wy P (). (1.5)

Problem (1.1) with g = 0, in the isotropic case (i.e., p; = p for all i), has been extensively studied
in the literature. For further details and references, we recommend consulting the work [4].

In a previous work [5], the author demonstrated the existence of a weak solution for the boundary
value problem defined by the equations

N
A
=1

u=20 on 09,

Pi—29 .1 — :
diu] = f in Q, (1.6)

with f € L™(Q). The obtained weak solution belongs to the space WO1 P (©). The paper extensively
discussed various cases by considering different values of m.
Moreover, the same author conducted a study in [6] concerning the following problem:

N
—Zai[|6iu|pi_26iu] +g(z,u,Vu) = f in Q,
i=1

u=>0 on 0f2,

(1.7)

where f is a given function belonging to some Lebesgue space, and ¢ is a nonlinear term that exhibits
natural growth with respect to the gradient, while satisfying the sign condition g(x,0,&)c > 0. The
author proved the existence of a weak solution u in VVO1 P (Q) when f € L'(Q) and certain conditions on
g are met. In addition to these contributions, the author has obtained several other noteworthy results,
which can be explored in detail within the referenced publication. To learn more about anisotropic
problems including issues such as degeneracy or singularity, we recommend that the reader consult
references such as [8,9,16].
On the other hand, the authors in [1] investigated the following problem:

u
—div(M(2)Vu) +blu|"2u=0a—5 + f in Q,

(M(2)Vu) + bl o 1)
u=20 on 01,

where @ > 0 and b > 0. The authors derived the following results:

(R1) If r > 2* and f belongs to L™(2) with -5 < m < & Z=2 | then there exists a weak solution u

in Wy2(2) N L™ =1(Q) under certain conditions on the matrix M.

(R2) If r > 27 and f belongs to L™ () with ]\;\;:ﬁ) <m < % , then there exists a weak solution

w in Wy 2(Q) N L™ (Q) under certain conditions on the matrix M.

(R3) If r > 2* and f belongs to L™ (2) with 1 < m < -5, then there exists a distributional solution
w in Wy Q) N L™ =D(Q) with ¢ = 2m =1 under certain conditions on the matrix M.

These results highlight different scenarios based on the value of r and the range of m. The existence
of weak or distributional solutions is proved in suitable function spaces, incorporating conditions on
the matrix M.

In this paper, we draw upon the findings from the aforementioned works (1.6), (1.7), and (1.8) to
establish a connection and combine their results to form the problem described in (1.1). Specifically,
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(i) When considering the case of v = p = 0, problem (1.1) corresponds to the one presented in
(1.6).

(ii) If 4 = 0 and g(x,u, Vu) = v|u|*~2u, problems (1.1) and (1.7) are equivalent.
(iii) In the isotropic case where p; = 2 for all 4, problem (1.1) is identical to (1.8) with M = 1.

By acknowledging these connections, we integrate and build upon the previous works, utilizing
their insights and results to address the problem presented in (1.1).
Regarding subsequences, we will need the following useful topological trick of uniqueness.

Lemma 1.1 ([11, Lemma 1.1)). Let X be a topological space and (z,) be a sequence in X with the
property that there exists x € X such that for any subsequence of (xy,), it is possible to extract a further
subsequence that converges to x. Then the entire sequence (x,,) converges to x.

2 Existence and regularity theorems

We begin this section by providing the definition of weak solutions for problem (1.1).
The first result deals with the existence of finite energy solutions in L™(~D(Q) for a given f,
under the condition s > p*.

Theorem 2.1. Let us assume that (1.2) and (1.3) hold true. Furthermore, suppose that f € L™(Q),
where N(s—p)
s s—D

<m< —————. 2.1

s—1- " P51 (2.1)

Then there exists a weak solution u € Wol’ﬁ(Q) N L™E=1(Q) to problem (1.1). That is,

Z/|8u|p‘ 28u8apdm+v/|u\“ 2updr = p /

zIQ

Jul”!

apdw—l—/f(pdx (2.2)

for every o € WoP () N L>°(Q).

Remark 2.1. It should be noted that the weak formulation (2.2) makes sense. Indeed, since u,y €
WyP(€), we have |9;ulP~!|d;¢| € L'(Q). Furthermore, employing Hélder’s inequality and the fact
that u € L™~ (Q), we obtain

1
/|u|s_1dx < Q|1—#(/u|m<s—1>dx) < .
Q Q

Additionally, considering conditions (1.3) and (2.1), we can derive
m(s—1)—p

lu |p 1 =) 1 meeE
J . =P

The second result addresses the case where the summability of f leads to the existence of infinite
energy solutions u € Wol’q(Q), with ¢ = (q1,-..,qn) and 1 < ¢; < p; for every i =1,..., N.

Theorem 2.2. Let hypotheses (1.2) and (1.3) hold, and f € L™ () such that

l<m< —= i . (2.3)
and let p and m satisfy one of the following assumptions:
N-—-1 s
1 P<N and 1 — 2.4
+N+1<p< and 1 <m < —, (2.4)
N-—-1 S s
1<p<1 d ———<m< . 2.5
P<ityia ™ -op ~ " s21 (2:5)
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Then there exists a weak solution u € Wol’a(Q) N L™E=Y to problem (1.1), where ¢; = @pi,
Vi=1,...,N. That is,

Z/|3 u|Pi—20; u@lgodx+1//|u|5 Jupdr = p /

119

Juf””!

godx+/f<pdx

for every ¢ € CH(Q).
Remark 2.2. The assumption (1.3) in Theorem 2.1 guarantees that
s N(s—D)
s—1"p(s—1)
The hypothesis (2. 3) implies that ¢; < p; forall¢ =1,..., N. By the assumptions (2.4) and (1.3), we
have ¢; > 1 and 7 >1foreveryi=1,...,N.

2) e

Remark 2.3. In the isotropic case, i.e., when p; = 2, the results of Theorem 2.1 and Theorem 2.2 co-
incide with regularity results for elliptic equation problems involving Hardy potential (see Theorem 2.1
and Theorem 3.1 in [1]).

3 Proof of the main results

In this paper, we will use the truncation function T (s) = min{k, max{—k, s}} for £ > 0 and s € R.
Let us consider the approximation problems defined as follows:

— Az n+ n s2 n — 77 + fn i Q,
U + VU | T Uy = p afF + 1 fn in (3.1)
Up =0 on 01,
where f,, = T,.(f).
Lemma 3.1. For every n € N*, problem (3.1) has a weak solution wu,, € Wol’ﬁ(Q) N L>(£).
Proof. Let n € N* be fixed. We define a map S as
S: LP(Q) — LP(Q),
v— S(v) = w,
where w is the unique solution of the following problem:
- IT (v)[P~ .
—Asw + v|w|* 2w = n in Q)
ot stut == 45 (32)
w =0 on 0f.

The map S is well defined because the existence of a unique weak solution w € W, P(Q) N L>(Q) for
problem (3.2) is guaranteed in the work [6].

We multiply both sides of the first equality of (3.2) by a test function ¢ and integrate over 0, then
apply Green’s formula. Choosing ¢ = w and using the fact that

T (v)[P~

1_
||pg

[fn] <n and |

we obtain

N
Z/|6w\p1dx+u/|w|sdm< (un? +n) /\w|dw
Q

i=1
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Taking out the non-negative term on the left-hand side and applying Hoélder’s inequality, we can
further estimate the right-hand side as follows:

1
Z/law\m o < o+l 7 ([l )"

zlﬂ Q

Or, in terms of the norms, we have

N

. = 1
S 0wl gy < (un + m)|QATT 0]l 5+ - (3.3)
=1

From inequality (1.4), there exists a positive constant C' such that

+ > 1
ol 7+ ) < Clun® +m) QAT el g
This implies that

lwllzz= () < Cn.

Since p < p*, we have
w7 < Cn (3.4)

for some constant C,, independent of v and w. Thus we have shown that the ball B in LP(f2) of radius
C,, is invariant under the map S.

Now, we will prove the continuity of the map S. Let v € LP(Y) and let (vy) be a sequence of
functions converged to v in LP(€2). We denote wy, = S(vx) and w = S(v). To prove that wy — w in
LP(Q), it suffices to demonstrate that wy — w in Wol’ﬁ(ﬂ) because Wol’ﬁ(Q) — LP(Q). According to
Lemma 1.1, to verify that wy — w in VVO1 P (Q), it is sufficient to show that for any subsequence of
(wy), it is possible to extract a further subsequence that converges to w.

Let (wq(k)) be a subsequence of (wy). Firstly, since v,y — v in LP(Q) as o(k) — oo, we can
extract a subsequence (v, (x)) of (Vy(x)) such that

o1(k)—oc0
vgl(k)Lv a.e. in €. (3.5)

Secondly, for every integer oy (k), one has

Lo, )P 5 (3.6)
eP+5 T '
Then from (3.5) and (3.6) we can apply the dominated convergence theorem to conclude that
[T ( vdl(k))|p 1 \Tn(v)|§71 o1(k)—o00
H [P+ L 2P+ 2 || oo 0, Va>1. (3.7)
Thirdly, we have w,, () and w satisfying the equation
. . T (Vo )P~ [T (0) P
gty A0 il = o] = R -,
thus
— Z@ [|8 We, (k[P —29; iWe, (k) — 07w pi_zaiw] dr + 1/[|wo.l(k)\5 zw(,1 k) — |w|*™ }
- PT”(“"l(k))l”_l _ ITn(v)lp_l} (3.8)
z|P + L P+ 1 | '
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Choosing w,, (1) — w as a test function in (3.8), we obtain

N
Z/ [|aiwal(k)|pi72aiwol(k) — |[Ow pi*Q@iw} (Oiwg, (k) — Oiw) dx
=1 Q

+ 1// [|w01(k)|s_2wal(k) — |w|3_2w} (W (k) — w) d
Q

(W, (k) — w) do.

lz|P + % [P + L

Since

1// [|wgl(k)|3_2wgl(k) — |w|s_2w} (We, (k) — w) dz > 0,
Q

and by Holder’s inequality, we have

N
Z/ |:|aiwo1(k)|pi_2aiwal(k) - ‘aiw|pi_2aiw} (Oiwo, (k) — Ojw) da
=1

o Nwey gy — wllee -

ljﬂ ”UMk>N7‘1__I7%<vN5‘1
LPi(Q)

D 1
P+l el

By (1.5), there exists C' > 0 such that

e

M=

1728@1001(;@) - \&w piiQaﬂU} (8iw01(k) — &w) dx

3

, Noi(wey iy = w)[ L1 -

H |T a1(k))|771 _ |Tn(v)‘§71
L?i(Q)

I 1
2P + & 2P + 5

Using (3.3) and (3.4), we deduce that

N
Z/ [|8Z-wgl(k)|p"_28iwgl(k) - \8iw|pi_28iw} (@-wal(k) - aiw) dx
=19

T (v, )P | Toa(0) P
[P + 5 o + 5

L7 (Q).

Consequently, from (3.7), we obtain

lim Z/ |8 wgl(k Zaiwgl(k) — |8iw|p"_20iw} 6i<’wgl(k) — w) dx = 0.

o1(k)—o00

Finally, following the same line of reasoning as in Lemma 2.4 of [10], we can extract a subsequence
(Wey (k) from (wg, (1)) such that (wg,x)) converges to w in WyP(€). This establishes the continuity
of S.

Ultimately, by the Sobolev embedding, it is easy to prove that S is compact on LP(Q). Therefore,
by Schauder’s fixed point theorem, there exists u, in WO1 P(Q) N L>(R), for every fixed n, such that
S(up) = Unp. O

In the remainder of this section, we will use the symbol C' to represent various constants that
depend solely on the characteristics of p;, v, s, p, | and || f| m (q).-
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3.1 Proof of Theorem 2.1

Throughout the ensuing discussion, let u,, € W, P (Q)N L () represent a solution to problem (3.1). In
the following lemma, we provide L™~ D-estimates for the finite energy solutions u,, of problem (3.1).

Lemma 3.2. Under the assumptions of Theorem 2.1, there exists a positive constant C, independent
of n, such that
[unllpme-1 @) < C, (3.9)

ltnll 1700y < C- (3.10)

Proof. Let us use p(u,) = |tn| u, with X := (m—1)(s—1)—1 > 0 (si
n (3.1). Using the fact that Ty, (u,) < |uy|, we have

) as a test function

| nlA

Pi

N
()\—|—1)Z/|8¢un un|)‘dx—|—1//|un|>‘+s dzgu al:17—|—/|fn||un|)‘+1 dx. (3.11)
=19 Q

If we omit the operator term from the left-hand side, we find

|/\+ﬁ

A+s |Un
Q Q

/|fn| |, | M dz. (3.12)
Q

Applying the Holder inequality with exponent m on the right-hand side of (3.12) and taking into
consideration (A + 1)m’ = A + s, we can deduce

1 1 1
/ |fn||un|“1dxs( / |f|mdx) ( / un“*”m’dx)m c( / |un|*+5dx)”. (3.13)
Q Q Q Q

Recalling that s > p (from (1.3)), we have A + D < A + s. Applying Hoélder’s inequality with indices

At+s A+s .
(—M_ﬁ7 S_ﬁ), we obtain

[ M7 R 1 e
Q Q

The assumption m < ];((;:g) implies p ’\+; < N. Consequently, from the above inequality, it fol-

lows that -
A+D be=
||“’;|+ ( / |+ dx) . (3.14)
T

Combining (3.12)—(3.14) with the fact that A +s = m(s — 1), we arrive at

w oz
/|u |m(s l)dx<c</|’u, |ms Ddx) +C</|u |m(s l)dl‘) ]

Asﬁ<1andk+p<1 we get

/|un|m(5—1> dz < C. (3.15)
Q

Therefore, from (3.15) it follows (3.9).
Using (3.11) and (3.15), we can conclude that

/|8iun|pi|un|’\dx <C, Vi=1,.. N
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Since A > 0, it follows that

|Ojun|Pde < C, Vi=1,...,N. (3.16)
{lun|>1}

On the other hand, using T} (u,) as a test function in (3.1) and dropping the positive lower order

term, we obtain
N

> [ leti)

=1
! {lun|<1}

pi dxgu/|$(|z+)|ldx+0. (3.17)

Using Holder’s inequality on the right-hand side of (3.17)7 from (3.15) one gets

-
/|T d$ < </|U |’n’L(s 1) dl’) ( 1) </p"];(51)dx> o
|x‘p |.7J m(s—1)—p+1

1 -2y
S C / Tsl)dx . (318)
‘;E|m(q 1)—p+1

Observe now that since s > p*, we have

which implies

pls—l)
(s—1)—p+1
Consequently, using (3.18), we derive
the sequence LAY is bounded in L'(Q) (3.19)
l . )

P +
Combining (3.17) and (3.19), we can deduce that

|0: T (un)

Pide<C, Vi=1,...,N.
{\u"\<1}

Taking into account both this result and (3.16), we obtain the final outcome (3.10). O

From Lemma 3.2, there exists a subsequence of (u,) (still denoted by (u,)) and a function u €
WyP(€) such that

u, — u weakly in Wy P(Q) and a.e. in Q. (3.20)

Now, adapting the approach of the proof of Theorem 2.3 in [5], we can show that there exists a

subsequence (still denoted (u,)) such that for alli =1,..., N

Oiun, — O;u strongly in L™ () and a.e. in Q, Vr; < p;. (3.21)

By (3.20), (3.21) and applying the Lebesgue dominated convergence theorem, for every ¢ = 1,..., N
we obtain the following result:

|03 [P 2050, — |OiulPT20;u strongly in LPi(Q). (3.22)

Let ¢ be any function in Wol’ﬁ(Q) N L>°(Q). Since the sequence (u,) is bounded in L™~1(Q), it
follows that

n—oo

lim /|un\3_2uncpdac:/|u|s_2ucpd:v. (3.23)
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On the other hand, by (3.19), (3.20) and the Lebesgue’s theorem, we obtain

T (un) P~ [ JuP
|z

Spdz, Yo eWrP(Q)NLX(Q). (3.24)

Using the convergence results (3.22)—(3.24) and f, — f in L'(Q), we can then take the limit as
n — +oo in the identities

5
Z/|aun|p1 23un 1(,0dl'+V/|Un|s 2un<pd33— /| n Hn l dx—i—/fntpda? (3.25)
n

ZIQ

for all p € Wol’ﬁ(Q) N L>(£2). This yields

Z/|8u

ZIQ

JufP~?

goder/fgodx

|z

Pi=2p; uazgadx+y/|u|s 2updr = p /
Q

So, the proof of Theorem 2.1 is complete.

3.2 Proof of Theorem 2.2

Lemma 3.3. Suppose that the hypotheses of Theorem 2.2 are satisfied and there exists a positive
constant C, independent of n, such that

Hun”WOl’q(Q)ﬁL"L(S—U(Q) S C (326)

Proof. Let € > 0. We consider the function

Un

o(un) = W

as a test function in equation (3.1), where 0 < p:=1—(m—1)(s—1) <1 (since 1 <m < 7). Using

the fact that
(1 —p)lun| +¢

O:
(|un| _|_€)p+l i U,

dip(uy) =

we obtain the following inequality:

p)lun| + €
Z/ a2yt 1o

Since 1 — p > 0, we have

pi dz+u/%dx<,u |un|ppd:c+/fn|un|1pdx. (3.27)
(lunl+2)r = =) JalP + 5
Q Q Q

WI&%“ > (1—p)W, Vi=1,...,N.
The previous estimate and inequality (3.27), yields
al s _
_p);/ Qo3 57 +V!%ﬂdx = || i “/M“n'l Pdr.  (3.28)

Omitting the operator term on the left-hand side of (3.28) and, subsequently, taking the limit as
tends to zero, we have

o [l <p [ 0F dw+/fn|un|1 ‘ da,
Q Q

=[P +
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which is the same as (3.12) with p = —\. Starting from this inequality and working as in the proof of
Lemma 3.2 (see inequality (3.9)), we can use this fact and (3.28) to obtain

|0; un|

Moo dz<C, Yi=1,...,N.
Up| +€)P

Q

From the previous estimate and by applying Holder’s inequality with exponents 2’—?‘ and (2’—?)’ , for any
i=1,...,N we get

/|8un

a dm—/MﬂuM—ks) v da
(|un

| +¢)”
|0iun |7 " / = s
< — —  d " Pi—ai (
—C</(|un|+e)ﬂ v (lun| +2) v
Q Q
SC(/(|un|+€)pPi%% d:z:) " (3.29)

Q

Now we take ¢; = 0p; with 6 € [0,1) such that

P po .
—_ == -1), Vi=1,...,N 3.30
the previous equality is equivalent to
—1 —1
9:M<17 and qizmpi, Vi=1,...,N.
s S

Therefore, using (3.29), (3.30) and the boundedness of the sequence (u,) in L™~ (Q), we can write

Q

If the parameters p and m satisfy assumption (2.4) or (2.5) of Theorem 2.2, we can conclude that
g; > 1 for every i = 1,..., N. Therefore, using (3.31), we obtain estimate (3.26). O

1-60
%y < O(/(|un| + g)m(s—1) dx) <C, Yi=1,...,N. (3.31)
Q

In order to prove this theorem, we modify the proof of Theorem 2.1. It is sufficient to replace only
(3.22) by the following

|03, [P 2051y, — |Ogu|P*~20;u strongly in Lﬁ(ﬂ), (3.32)

1
as n — +oo in (3.25). Consequently, we have that the limit function u is a weak solution of (1.1)

possessing the regularity stated in Theorem 2.2.

for every p_qi > 1, Vi = 1,...,N. Thus, by (3.32), (3.23) and (3.24), we can pass to the limit
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