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ON THE VARIABLE EXPONENT SOBOLEV SPACES



Abstract. In this paper, we are interested in the existence of weak solutions for a class of Kirchhoff-
type systems driven by the (aq(m), as(m))-Kirchhoff-Laplacian operator with the Dirichlet boundary
conditions as follows:
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where £ and LZ? are non-local integro-differential operators, D is an open bounded subset of RN
with the Lipshcitz boundary 0D. Under some suitable assumptions on the functions Rq, Ro, f and
g, together with the Berkovits topological degree and the variable exponent Sobolev spaces theory, we
discuss the existence of weak solutions for the above problem on the spaces I/VO1 e (m) (D) x VVO1 oz (m) (D).
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1 Introduction

The study of differential equations and variational problems with a variable exponent is a very recent
and exciting field. It was initiated by the theory of nonlinear elasticity, stationary thermorheological
viscous flows, electrorheological fluids and image restorations. These areas have received increasing
attention and lot of results have been published by many authors (see [1,4,32,35-37,40]). In particular,
the nonlocal elliptic Kirchhoff type problems [22,27,39] were first considered by Kirchhoff in 1883 [25].
More specifically, Kirchhoff has suggested a model represented by

L
(o B 2 _
0

Expanding upon the classical d’Alembert’s wave equation, this extension takes into account the
variations in the string’s length as it undergoes vibrations.

Our principal objective in this paper is to study the problems with a variable exponent and a
non-homogeneous differential operator in the sense that our operators include not only the case of
the a-Laplacian operator or the (a1, as)-Laplacian operator considered by several authors [5,6, 12—
14, 28, 29, 31, 34], but also other types of operators. Based on the cited papers, many interesting
questions arise from the search for weak solutions for a non-local elliptic Kirchhoff system involving
the (ay(m), az(m))-Laplacian operators in bounded domains with Dirichlet boundary conditions.

In details, we consider the following problem:

R ( e dm) (Basim® = [0 720) 4 61 |lP0 20 = Ay fm, . V) in D,
D

«@ as(m)— m)— . 1.1
“Ra( [ £ dm) (Basimye ~ 617 20) + Balgl1™ 20 = Naglm, . Tp) D, (Y

Y=p=0 on 0D,
where L' and L£2? are given by

ay(m) ay(m) az(m) az(m)
o o (U L DI ¢
ai(m) az(m)

D is a bounded smooth domain in RY (N > 2) and \;, §; (i = 1,2) are the real parameters, R;
and Ro are the functions satisfying the assumptions that will be given later, and the second term is
divided into two convection terms.

The a(m)-Laplacian operator A, ()¢ = div (|V4|*(™)=2¥4)) possesses more complex nonlinear
behavior compared to the p-Laplacian operator, primarily because it lacks homogeneity, this implies
that the lowest eigenvalues of the «(m)-Laplacian are not zero (see also [33]). Motivated by [1,6,
15-18, 22, 29, 30], our primary objective is to prove the existence of weak solutions for a nonlocal
elliptic system involving the (ay(m), az(m))-Kirchhoff-Laplacian operators depending on four real
parameters under the Dirichlet boundary condition, by employing another approach that relies on the
Berkovits topological degree in the framework of Sobolev space with a variable exponent.

The structure of this paper is outlined as follows. In Section 2, we provide a brief overview of
fundamental concepts in the functional framework and introduce various types of generalized (S )
operators, together with the Berkovits topological degree. In Section 3, we give the result of this
paper and its proof.

2 Preliminaries

2.1 Variable exponent Sobolev spaces

In this subsection, we discuss several fundamental properties of variable exponent Sobolev spaces. For
more background information on this subject, we refer to [8,9,19-21,26].
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Define the generalized Lebesgue space by

Lo (D) = {<p : D — R measurable function, /|<p(m)‘a(m) dm < +oo},
D

where o € C4 (D) and
Cy(DP)={a: ae€C(D), a(m)>1 for every m € D}.
For any a € C, (D), we establish
o :=max {a(m),m € D}, «a :=min{a(m),m € D}.
The space L*(™)(D) is equipped by the norm
|l a(m) = inf{kj >0: pa(m) (%) < 1},

where the modular py ) Le™)(D) — R is defined by

Pt () = / ()™ dm, Y € L™ (D),
D

and satisfies some useful properties listed below.

Proposition 2.1 ([21]). Let (¢x) and ¢ € L*"™) (D), then

|@la@m) <1 (resp. = 1; > 1) <= pam)(@) <1 (resp. =1; > 1), (2.1)

- +
[elagm) > 1 = 1@lam) < Pam)(®) < [@lam), (2.2)

at o
|<p|a(m) <l= |<p|a(m) < pa(m)(‘p) < |<p|a(m)v (23)
klim lor — @lam) =0 <= lim pqm)(0r —¢) =0. (2.4)

—00 k—o00
Remark 2.1. Take note that, based on equations (2.2) and (2.3), we can deduce the inequalities
|Qp‘a(m) < pa(m)((p) + 17 (25)
a at

Pa(m) (410) < |<p|a(m) + |<p|a(m) (26)

Proposition 2.2 ([11,26]). L™ (D) is a separable and reflexive Banach space.
Proposition 2.3 ([26]). Define L% (™) (D) as the space conjugate of L™ (D), where —A~+ -1~ =1

a(m) ' a’(m)

for allm € D. For any v € L*™) (D) and ¢ € Lo (m) (D), we have the Hélder inequality

1 1
dm| < |—+ — ’ <2 ) - 2.7
‘/WP m‘ > (Oé— + a/7)|w|a(m)|@|a (m) = ‘w‘a(m)|<p|a (m) ( )
D

Remark 2.2. If aj, as € C4 (D) with a;(m) < as(m) for any m € D, then there exists a continuous
embedding L*2(™) (D) — L*1(m) (D),

Now, we define the space W«(™)(D) by
whetm(D) = {p € L*"™(D) : |Vyg| € L*U™(D)},

equipped with the norm
H@Ha(m) = |Qp|a(m) + |v<p|a(m)

We denote by Wol’a(m) (D) the closure of C§°(D) with respect to the norm of W1h(m) (D).
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Proposition 2.4 ([23,38]). If the exponent a(m) satisfies the log-Holder continuity condition, i.e.,

there exists T > 0 such that for each my, mo € D, my # mo with |my — ma| < %, we have
ja(ma) — a(ms)| < - (28)
a(my) — alm _ .
' 2= log|my — mal’
then there exists a constant Cg o > 0 such that
l,a(m
[¢lam) < Cg.alVelaim), Yy € W, ™ (D). (2.9)

Therefore, we could use on VVO1 ra(m) (D) the following norm

1©]1,a(m) = IV@lam)

which is equivalent to ||| (m)-

Proposition 2.5 ([10,26]). The spaces W™ (D) and Wol’a(m) (D) are separable and reflexive
Banach spaces.

Remark 2.3. The dual space of Wol’a(m) (D) denoted by W*L“'(m)(D) is equipped with the norm

N
|90|—1,a’(m) = inf{|§00‘a/(m) + Z |90j|a’(m)}a
j=1

where the infnimum is taken on all possible decompositions ¢ = ¢ — div L with ¢g € L' (m) (D) and
L=(p1,...,0n) € (LY (D)N,

In the subsequent discussions, we will make use of the Cartesian product space
ng(m)’az(m) — Wolﬁoél(m) (D) x Wol’az(m)(D)
which is equipped with the norm

1, @)l yacm .z = max {[[¥ e (m); 1 llacs (m) }

1,a1(m) 1,a2(m)

where || - |4, (m) is the norm of Wy (D) and || - |lay(m) is the norm of W (D).
The space (ng(m)’%(m))* is the dual space of ng(m)’%(m) corresponding to the Orlicz—Sobolev
space W(;l’al(m) (D) x Woil’%(m) (D) equipped with the norm

I Ml yaromiazomy. = max {|| - [|-1.a5 ), [| - -1,050m) }-

W (m),az(m)

o and its dual space (W (™2 (M)«

The continuous pairing between the space is given by

<'a '>oc1,a2 = <'7 '>1,a1(m) + <'7 '>1,a2(m)~

2.2 Topological degree theory

Now, our aim is to examine several definitions and fundamental properties of Berkovits degree theory
applied to demicontinuous operators in a reflexive space over the real numbers.

Let G be a real separable reflexive Banach space and £ be a nonempty subset of G. The symbol
(-, -)g means the usual dual paring between G* and G.

Definition 2.1. Let E be a second real Banach space. A mapping B: £ C G — FE is
e bounded if it transforms any bounded set into a bounded set.

 demicontinuous if for any (¢r) C &, ¢r — ¢ then B(pr) — B(p).
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e compact if B is continuous and for any A C G bounded we have B(A) is relatively compact.
Definition 2.2. An operator B: £ C G — G* is called

o of type (S4) if for any (¢x) C € with ¢ — ¢ and limsup({B(vk), r — ¢) < 0, we have ¢ — .

k—o0

 quasimonotone if for any sequence () C £ with ¢ — ¢, we have limsup(B(px), pr — ¢) > 0.
k—o0

Definition 2.3. Let Z : & C G — G* be a bounded mapping with £€ C & . For any operator
B:&CG— G, we can say that

o B satisfies condition (S;)z if for any (¢r) C € with ¢ — ¢, Yr = Z(ypr) — ¢ and
lim sup(B(pg), ¥r — 1) < 0, we have pr — .
k—o0

o B possess the property (QM)z if for any sequence (pr) C € with o — @, ¥ 1= Z(pr) = ¥, we
have lim sup(B(pg), ¥ — ¥x) > 0.
k—o0

Next, we consider the following sets of operators:

Ti(&):={B:&—G": B isof type (S;) and is a demicontinuous and bounded map},
T2(€):=={B:&— G: B satisfies the condition (S})z and is a demicontinuous map},
T2,8(E) == {B € Tz(€) such that B is a bounded map},

for any £ C D(B) and any Z € T1(€), where D(B) is the domain of B.
Set
T(G):={BeT,E): E€O, ZeTi(E)},

where Z € 71 (E) is known as an essential inner map to B and O is the collection of all bounded open
sets in G.

Lemma 2.1 ([24]). Let Z € T,(E) be continuous and P : D(P) C G* — G be demicontinuous such

that Z(E) C D(P), where E is a bounded open set in a real reflexive Banach space G. Therefore, the
assertions below are correct:

o If P is quasimonotone, then I + P oZ € Tz(E), where the identity operator is denoted by I.
o If P is of type (S4), then PoZ € Tz (E).

Definition 2.4. Assume that E is a bounded open subset of a real reflexive Banach space G, Z € T1(E)
is continuous and let B,P € Tz(F). Then H : [0,1] x E — G defined by

H(t,p) :== (1 —t)Bo+tPyp for (t,p) €[0,1] x E
is called an admissible affine homotopy with the common continuous essential inner map Z.
Remark 2.4 ([24]). The affine homotopy H satisfies the condition (5S4 )z.

Next, as in [24], we introduce the topological degree in the class T(G).

Theorem 2.1. Let
D={(P,E,h): E€O, ZeTi(E), PeTzp(E), h¢ POE)}.

Then there exists a unique degree function d : D — 7Z that satisfies the following properties:

(1) (Normalization) For any h € P(E), we find that

d(I,E,h) = 1.
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(2) (Homotopy invariance) If H : [0,1] x E — G is a bounded admissible affine homotopy with a
common continuous essential inner map and h : [0,1] — G is a continuous path in G such that
h(t) & H(t,0F) for allt € [0,1], then

d(H(t, - ), E,h(t)) =C forall t€[0,1].
(3) (Existence) If d(P, E,h) # 0, then the equation Py = h has a solution in E.
Definition 2.5 ([24]). The above degree is defined as follows:
d(Pa E7 h’) = dB (7)|EU 3 EO; h)v

where dp is the Berkovits degree [2] and Ey is any open subset of E with P~*(h) C Ey and P is
bounded on E.

3 Hypotheses and main results

This section focuses on the existence of a weak solution to (1.1). In order to achieve this, we present
the assumptions linked to our problem. Assumed D C RY (N > 2) to be a bounded smooth domain

and a1, a9 € C4 (D) satisfying (2.8), p,q € C(D) with 2 < p~ < p(m) < p* < aj and 2 < g~ <
q(m) < q* < ay, then we impose that
(A1) f,9:D xR xRN — R are two Carathéodory functions.

(As) There exist 41 > 0 and v, € L™ (D) such that
|f(myn,w)| < Br(ya(m) + "7+ fw] ")
for a.e. m € D and all (n,w) € R x RN, where 2 <7~ <r(m) <rt <aj.
(A3) There exist 82 > 0 and v, € L™ (D) such that
lg(m,m,w)| < Bz (y2(m) + [n*T 71+ |w] 0 7)
for a.e. m € D and all (n,w) € R x RY where 2 < s~ < s(m) <sT <a;.

(My) We assume that R; : [0,+00) — [0,4+00) (i = 1,2) are increasing and continuous functions
such that

et (ML <R (1) < gt (ML
T2 (M= < Ry (1) < pta2(m 1

where g;, 7; (i = 1,2) are real numbers such that e; < g9, 71 < 79 and a1(m), az(m) > 1.

In this study, we adopt the following definition for a weak solution of (1.1).

Definition 3.1. We say that (¢, ) € Wgzl(m),ag(m) is a weak solution of problem (1.1) if

ay(m) ay(m)
R1</ |V1/f| +|¢| dm)/(|vw|a1(m)—2v¢vﬁ+¢|a1(m)—2,¢)19) dm
D al( D

m)

4 ag(m)+ az(m) as(m)— as(m)—
a Ry [T ) [ (190102909 4 ol %) am
D D

az(m)

_ / (= B2 4+ X f(m, 0, 945) ) 0 dim +/ (= 02141020 + Xag(m, ¢, Vo) ) Cdm

D D

for each (19’ C) c ngl(m)yom(m).
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Next, we introduce two lemmas that will be used in the demonstration of the main outcome.

Lemma 3.1. If (My) holds, then the operator S : Wg“(m)’”(m) — (ng(m)’w(m))* defined by

(S, ). (9.0))
ay(m) ay(m)
Rl( |V¢| + |1/}| dm) / (‘V¢|a1(m)—2vwv,ﬁ+ |w‘a1(m)—2w,l9) dm

ay(m)
D

az(m) az(m)
Ry ( Vel + lol
az(m)

m) [ (191200 4 o) dm
D

is of type (S4), continuous, bounded, coercive and strictly monotone.

Proof. Let (v, ¢) € Wg‘l(m)’az(m) and let the functional ¥ defined on Wg‘l(m)’%(m) by

V| (m) ay(m) R v az(m) az(m)
Vo) ( U L ) ([T sl )
D

ax(m) as(m)

where
S

ﬁi(s)z/nimm (i=1,2),

0

is continuously Géteaux differentiable whose Géteaux derivative at the point (1, ¢) € W' 1(m),az(m)
is the functional 8 1= W/ (1h, @) € (WS ™22M))* given by

(81, ), (9,0)) = (Sar (1), (9)) + (Sas () (€)),

where
aq ( al(m)
(8as (), (9)) ( VUL ) [ (19l 0 =200w 4 o202 0) dim
D
and

[Vepl22(™) + Jip|22(™)
as(m)

) / (VeI =2969¢ + |22 ¢ ) dm.

(Sua (), () = R( /

9

So, § is bounded, continuous and, since S,, and S,, are strictly monotone (see [7, Theorem 2.1]), S
is strictly monotone.
Let us prove that S exhibits coercivity. Utilizing (2.5) and (2.6), we obtain the following expression:

o (m) oy (m)
Ra ([ BT =) ATl )+ o)

(S, 9), (¥,9)) _ clm .
(%, )l (¥, )l
ag(m) ag(m)
Ro( [ A ) TVl o fel=)
+ dm
||(1/J,s0)||
1 . a; (a; —1 ar1+(a; —1 . oy at
e i () g I G i (115 s 191 o)
> 1
- (2, )l

Qg (a;

b -1) -1)
ﬁmm(llwllw(m) “P”aZ(m) )mm(H‘PHaz(m)v||‘P||a2(m )

(x
- @ ol
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This implies that
. (S, ), (¥, 0))
1 N NPT
(T S — TR

ay(m),as (m)

= —’—007

hence S is coercive on W,
Now, we will demonstrate that the operator S satisfies the properties of being of type (S5 ).

Let (¢, io1) C Wo ™20 with (4, i01) = (1, ) and

we demonstrate that (Y, pr) = (¥, 9).
It (d’lw @k) - (wa ) and hm < (¢k7 ka) (¢a QO), (¢k - wa Pk — SO)> < 07 then

Jim (S(Wk, o) = S0, ), (U = ¥, 01 — 0)) = 0.

Therefore,
(Son (Vk) = Sy (), Yk = ¥) + (Saaa (1) = Saa (#), 01 — ) = 0.

Since S, and S,, are monotone, we have

<SO¢1 (1/%) - 8041 (QZ))’ 7/}k - ¢> — 07 <Sa2 (@k) - 8042 (¢)7 Pk — ()0> — 0. (31)

Following a similar line of reasoning as in [7], we get
(Sas (Vi) = Say (), ¥k — ¢>
|vw|a1(m) + |w|a1 1 ay(m)—2 ai(m)—2 2 2
o ey (U W ) ([ 5 (19wt = [9pes1=2) (W2 = [90)
D D

a(m) al(m)
+ R, (/ |V’¢| + |'¢| ) % ‘wk‘al(m)—Q _ ‘w‘(n(m)—Q) (|wk|2 _ ‘w|2) dm) > 0.
D

Oél(

From this inequality and (3.1), V¢,(m) — Vi(m) and x(m) — ¢¥(m) for a.e. m € D. We use
Fatou’s lemma to obtain

a1 (m) oy (m) a1 (m) o (m)
N A L ey 2 LR T P 652)
k—o0 ] a1 (m) a1 (m)
Similarly, we can derive
as(m) as(m) asz(m) az(m)
[ LT ) ) [ AT ), 53
k00 ] az(m) Ps az(m)

However, we also have

klingo <Sa1 (djk),wk - 1/J> + <8062 (Sﬁk), e — 90>
= lim (S(vx, ox), (Wi 0n) = (4, 9))
= lm (S(@x, o) = S, ), (Yr, ) = (¥,0)) =

Applying Young’s inequality, it can be observed that

<Sa1 (ﬂ}k)a r — ¢> + <'Soéz (C,Ok), PE — 50>
a1 (m) ai(m)
([ DL )

aq(m)
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X ( / (IVee]™ 0 o [ ™)) dm — / (1|20 - W |12 dm)

D D

az(m) az(m)
R2< |Veor| + || dm)
az(m)

% (/(|Véﬂk|a2(m) +|<pk‘az(m)) dm—/<|V80k|a2(m)_2v90k~vw+|<,0k‘a2(m)_2§0k50> dm)

D D
ai(m) ai(m)
([
ag(m)
ay(m) ay(m) ay(m) ai(m)
« ( V| + || dm — VY| + |¥ dm)
az(m) a1 (m)
D
\V«pk|a2(m) + |¢k|az(m)
RQ( dm)
az(m)
az(m) az(m) az(m) az(m)
" ( [Verl|®2t™ + |ou[*0™) [ [Vep| 20+ [p]*2 dm)
as(m) s az(m)

c; —1
a
> % (/ (IV8k |1 4 [aye |22 () dm)
(a7 ) ! S

ay(m) ay(m) ay(m) ai(m)
X( A el 7 P A4 el (] dm)

a(m) a(m)
D
b co —
+ 71, </|V§0k|a2(m) + |<,0k|a2(m) dm) 2 1
(ag)e 1
D
as(m) az(m) as(m) az(m)
y ( Vx| + |kl am— [[IV# + l¢l dm)
az(m) J az(m)
Combining (3.2) and (3.3), we get
) (|v,¢k|a1(m) 4 |wk|a1(m) |vw|o¢1(m) 4 |,L/)|oz1(m)>
lim dm
k—o0 al(m) )
D D
and (m) (m)) ) (m)
a2 (m az2(m 042 m a2 (m
(Ve 4 (vl o),
k—o00 ag(m) )
D
Then
T [ (9] ) i = / (1910 4 1)) dm
D D
and

n—oo

lim (IVm‘”(m)+Itpklaz(m))dm=/(lv<ﬁla"’(m)+\<p|“2(’”))dm
D D

Applying a technique similar to that presented in [21], we find that

lim [ IV, = V|0 o e = 9|2 ) dim = 0

n—00
D
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and
lim (|V<,0k — V|2 + |pp — wlc’z(m)) dm = 0.
n—oo
D
Therefore, (Y, ox) — (1, 9). -

Lemma 3.2. Under the assumptions (A1)—(As), the operator C : Wal(m) ax(m) _, (Wg‘l(m)’a2(m))*
defined by

(C, ), (9,€))
( (= a2 4 37,5, 90))9 + (= 8alel )20 + Daglm, so,w>)<dm)
D
is compact.

Proof. Let X : Wg‘l(m)’%(m) — L21(m)(D) x L*2(m)(D) be an operator characterized by
X (W, 0) = (X (1), Xq () + (X5 (¥), Xy (),

with
(X (1), Xy () = (Sa] "™ 720, 8o ] 1M 2 )
and

(Xf(i/)), Xg(@)) = ( - Alf(m’ P, V7/1), 7)‘29(7”7 2 VCP))

We do this by demonstrating that X is bounded and continuous.

Let (v, ¢) € ng(m)’al(m), we have
|X (1), <P)|La'1<m>xLa’2<m>

= max (|3 |0lPC =20 = flm, 6, V)], 0 52l
< (8P 72 — A f (m, w0, V)|,

By (2.5), (2.6), (A2) and (A3), we get

|q(m)*2

o (M))

m T ’52|<p|t1(m) 20 — Aag(m, @,Vgpﬂ al(m)’

2 )\2g(m, 2 VSD)

|X(1/1,<P)|Ln’1(m>xLa’2(m>

< / |61 [P =24p — Ay £ (m, v, V)| 2™ dim+ / 182107 20— Aag(m, 0, Vo) [ "2 dim
D D

< O] + M) (pag(m)(%) + Pe(m) () + Pe(m)(V¢))
F (el + el ) (pagm) (12) + 2oy (0) + pom) (V)
+ (1001 161177 ) pry oy () + (102172 + (8215 ) pramy (12) + 4
C (12 oy + 1y + 1y + [V oy + [V )
+ O (19l + 191y + 1902y + V01 my + VL))
(18115 4 1825 ) (15 oy + 11 )
(1821 + 18212 ) (1012 oy + Ll y) + 4,

where
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Further, using Lo (™) <y [e(m) pee(m) oy p2m)  poilm) «y phm) paz(m) «y pl2(m) and (2.9), we
find that

\X(iﬁ, <P> |La’1(m) « LB (m)
pl+ e+ e~ , q/+ Z+ »
< C<|’Yl|a1(m) + |w|17041(m) + |w|1,o¢1(m)) +C <|72|o¢2(m) + |90|1,a2(m) + ‘¢|1,a2(m)>
N l+ - l+
+ C”(|¢|11,a1(m) + |¢|11,oz1(m)) + C”/(|<P|127a2(m) + |S0‘12,a2(m)) +4
'+ et e I+ ot
< Omax(|71|gl(m) + |w|1,a1(m) + |'ll)|1,a1(m) + |72|i2(m) + ‘s0|1,042(m)

o b 1 15 ha
+ |(p‘1,a2(m) + |¢‘117a1(m) + |¢‘117a1(m) + |90|12,a2(m) + |90|127a2(m)> +4,

according to this, X is bounded on ng(m)’az(m)(D).

Furthermore, we will demonstrate the continuity of X. Let (1, vn) — (¥, ) in Wg‘l(m)’o‘z(m) (D),
therefore, there exists a subsequence (1x, @) of (¥, ¢n) and (o1,02) in L™ (D) x Lo2(M) (D),
(03, 04) in (L™ (D) x L) (D)) with

Yr(m) = p(m), @r(m) = p(m) and Vig(m) = Vip(m), Ver(m) — Vi(m),
[Yr(m)| < 01(m), [@r(m)] < e2(m) and |[Vipr(m)| <fes(m)l, |Ver(m)| < lea(m)]. (34)

So, by (A1), passing k — oo, we obtain

(£m. i (m), e (m)), g(m, oi(m), Vior(m)))
— (f(m, (m), Ve(m), g(m. o(m), Ve(m) ) (35)

a.e. meD.
Furthermore, according to (As), (As) and (3.4), we get

[ m (), Voo (m)] < B (31 (m) + lea (m) )7 + [ gam) ")
lg(m, ei(m), Vior(m))| < B2 (72(m) + le2(m)l ™~ + [oa(m) 1),
We know that

o1+ |og(m)["M T e LM (D),
v + |92|s(m)—1 + ‘Q4(m)|s(m)—1 c Lag(m)(D)

and

a1 (m)
dm,

Par (m) (Xp(Ur) — X (1)) = / ‘Mf(m,?/%(m)a Vo (m)) — A f(m,(m), Vip(m))
D

az(m)
dm.

Pas(m) (Xg(r) — Xy(0)) = / ‘Azg(m,wk(m)ﬂwk(m)) — A2g(m, o(m), Vio(m))
D

Subsequently, using Lebesgue’s theorem and equation (2.4), we obtain
Xy, — Xptp in L™ (D)

and
Xypr — Xy in Lo20™)(D),

And since
Xy — Xptp in L4 (™) (D)
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and
Xyhy — Xy in Lo2™)(D),

X is continuous.
Moreover, let I* : L") (D) x L*2(™) (D) — (ng(m)’a2(m) (D))* be the adjoint operator for the
embedding of
1wy tmeztm py oy Leatm)(p) x [220m) (D),

We then define
IFoX - ng(m)vaz(m)(zp) N (W31(m)7a2(m)(p))*’

this is clearly defined by (As) and (As).
As the embedding operator I is compact, it is well-known that its adjoint operator I* is also
compact. Therefore, I* o X' is compact. O

The main result of this study is the following theorem.

Theorem 3.1. Under the assumptions (A1)—(As) and (My), system (1.1) has a weak solution (1, )
in Wg‘l(m)’o”(m).

Proof. First, (1, ) € W5 (™2™ (D) is a weak solution of (1.1) if and only if

the operators
S ng(m),az(m) (D) > (ng(m)a%(m) (D)

and
¢ W e (D) — (W (D) x W™ (D))

are defined in Lemmas 3.1 and 3.2, respectively.
Due to the properties of the operator S described in Lemma 3.1, and taking into account the
Minty-Browder Theorem (refer to [41, Theorem 26 A]), the inverse operator

Y= 8 g e (D)) e ()

is bounded, continuous and of class (S4).
Additionally, by Lemma 3.2, it can be established that the operator C is bounded, continuous and
quasimonotone. Then (3.6) is equivalent to

(%, 0) = V(¥,¢) and (9,¢) + (CoV)(9,0) =0, (9,¢) € W5*™2™) D))+, (3.7)

We will use the topological degree theory to solve (3.7). Toward this end, we set
Q= {(19, ¢) € Wertmbe2mpyy« . 3¢ ¢ [0,1] such that (¥,¢) + £(C o Y)(9,¢) = o}.

Subsequently, we establish that Q is bounded in (Wg*"™*2(™) (DY),
Let (9,¢) € Q and put (¢, ¢) := V(9,(), then

1Y (9, C)”ng(m)«@z(m) = || (¢, ‘P)nglm%az(m) = maX{Hd’”m(m)v ||30||a2(7n)}a

by taking into account that || - ||la,(m) = |V - oy (m)-
Now, we distinguish two cases and related subcases as follows:

Case 1: Hy(ﬁaC)”ng(m)w@z(m) = ||¢Ha1(m) = |vw|a1(m)-
Case 1.1: If [Vi[q, (m) < 1, then [[V(J, ()}, a10m.020m) 18 bounded.
0
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Case 1.2: If |[Vip|q, (m) > 1, then using (2.2), (A2), (2.1), (2.6) and the Young inequality, we obtain

1Y@, )% = VI3 ) < Pac(m) (V)

< (S0.0) = (0.99) = ~t{(Co V. Y0) =t [ (=S 26+ Xyl V) ) dm
D
< Chax (pp(m) / |’71 | dm + pr(m) ) + / |V¢\T(m)_1|¢| dm)
D

- 1 1
< max(‘w‘p )+|1/J|p )+|’Yl|a1(m)|w|a1(m)+|w|r(m)+|w|r(m)+/7_ pr(m) (Vw)'f'ripr(m) (1/1))
T rt
< Omax(|¢|p(m) + |1/’| p(m) + |w|a1 (m) + W}‘ (m) + ler(m) + |v¢|r(m))

By (2.9), Lo (™) < [P(m) and Lo1(M) s [7(M) e obtain

rt
|V (9, C)H yye (m)-az (m) < C(|y( ) Lai(m) T V() |1,0,(m) + |y(19)|1,o¢1(m))7
hence |V (3, Q)| 01 0m.az0m) is bounded.

Case 2: Hy(ﬂag)”WgNM)vﬂz(m) = ||90||a2(m) = |v§0|a2(m)~
Case 2.1: If [Vlay(m) < 1, then [ Y(, ()] })a10m).a20m is bounded.
0
Case 2.2: If [|[V|lay(m) > 1, then using (2.2), (A3), (2.1), (2.6) and the Young inequality, we have

190, Ol azins < €IV sy + P rsaaon) + VO s

So, we infer that {Y(9,() : (9,¢) € Q} is bounded.
Since the operator C is bounded, and by (3.7), there exists R > 0 such that

||(197C)H(W(r;yl('nl,),az('rn)(,D))* < R for all (ﬁ,C) € Q.

Therefore,
(9,0) +t(CoY)(¥,¢) #0 for all (9,() € 9Qr(0) and all ¢ € [0, 1],

where Qr(0) is the ball of center 0 and radius R in (W1 (m)e20m)(Dy)*,
Moreover, we also have from Lemma 2.1 that

I+CoY € Ty(Qr(0)) and I =SoY € Ty(Qr(0)).
Following that, we establish the homotopy # : [0,1] x Qg(0) — (Wgél(m)’a?(m) (D))* by

H(t7 (19? C)) = (19’ C) + t(c © y)(ﬁ7 C)

Employing the homotopy invariance and normalization properties of degree d as mentioned in Theo-
rem 2.1, we obtain

d(I+CoY,Qr(0),0) =d(I,Q5(0),0) =1 # 0.

Since d(I+CoY, Qr(0),0) # 0, based on the existence property of degree d mentioned in Theorem 2.1,
there exists (¥,() € Qgr(0) such that

(0,0) + (CoY)(¥,¢) =0.
At last, we deduce that (¢, ¢) = Y(¢,() is a weak solution of (1.1). O



Kirchhoff-Type System Involving the (a1 (m), aa(m))-Kirchhoff-Laplacian Operator 97

References

[1] C. Allalou, M. El Ouaarabi and S. Melliani, Existence and uniqueness results for a class of p(z)-
Kirchhoff-type problems with convection term and Neumann boundary data. J. Elliptic Parabol.
Equ. 8 (2022), no. 1, 617-633.

[2] J. Berkovits, Extension of the Leray-Schauder degree for abstract Hammerstein type mappings.
J. Differential Equations 234 (2007), no. 1, 289-310.

[3] Yu. Chen, S. Levine and M. Rao, Variable exponent, linear growth functionals in image restora-
tion. STAM J. Appl. Math. 66 (2006), no. 4, 1383-1406.

[4] N. T. Chung, Multiple solutions for a class of p(x)-Kirchhoff type problems with Neumann bo-
undary conditions. Adv. Pure Appl. Math. 4 (2013), no. 2, 165-177.

[5] F. J.S. A. Corréa and R. G. Nascimento, On a nonlocal elliptic system of p-Kirchhoff-type under
Neumann boundary condition. Math. Comput. Modelling 49 (2009), no. 3-4, 598-604.

[6] G. Dai, Existence of solutions for nonlocal elliptic systems with nonstandard growth conditions.
Electron. J. Differential Equations 2011, no. 137, 13 pp.

[7] G. Dai and R. Ma, Solutions for a p(z)-Kirchhoff type equation with Neumann boundary data.
Nonlinear Anal. Real World Appl. 12 (2011), no. 5, 2666—2680.

[8] H. El Hammar, M. El Ouaarabi, Ch. Allalou and S. Melliani, Variable exponent p( - )-Kirchhoff
type problem with convection in variable exponent Sobolev spaces. Bol. Soc. Parana. Mat. (3)
41 (2023), 13 pp.

[9] M. El Ouaarabi, Ch. Allalou and S. Melliani, Existence result for Neumann problems with p(z)-
Laplacian-like operators in generalized Sobolev spaces. Rend. Circ. Mat. Palermo (2) 72 (2023),
no. 2, 1337-1350.

[10] M. El Ouaarabi, Ch. Allalou and S. Melliani, Existence of weak solution for a class of p(z)-
Laplacian problems depending on three real parameters with Dirichlet condition. Bol. Soc. Mat.
Mezx. (3) 28 (2022), no. 2, Paper no. 31, 16 pp.

[11] M. El Ouaarabi, Ch. Allalou and S. Melliani, On a class of p(z)-Laplacian-like Dirichlet problem
depending on three real parameters. Arab. J. Math. (Springer) 11 (2022), no. 2, 227-239.

[12] M. El Ouaarabi, Ch. Allalou and S. Melliani, Weak solutions for double phase problem driven by
the (p(x), q(z))-Laplacian operator under Dirichlet boundary conditions. Bol. Soc. Parana. Mat.
(3) 41 (2023), 14 pp.

[13] M. El Ouaarabi, Ch. Allalou and S. Melliani, Existence of weak solutions for p(x)-Laplacian-like

problem with p(z)-Laplacian operator under Neumann boundary condition. Sdéo Paulo J. Math.
Sei. 17 (2023), no. 2, 1057-1075.

[14] M. El Ouaarabi, Ch. Allalou and S. Melliani, Weak solution of a Neumann boundary value
problem with p(z)-Laplacian-like operator. Analysis (Berlin) 42 (2022), no. 4, 271-280.

[15] M. El Ouaarabi, Ch. Allalou and S. Melliani, Existence of weak solutions to a p(z)-Kirchhoff type
problems involving the p(x)-Laplacian-like operators. Nonlinear Stud. 30 (2023), no. 1, 333-345.

[16] M. El Ouaarabi, Ch. Allalou and S. Melliani, On a class of nonlinear degenerate elliptic equations
in weighted Sobolev spaces. Georgian Math. J. 30 (2023), no. 1, 81-94.

[17] M. El Ouaarabi, Ch. Allalou and S. Melliani, p(x)-Laplacian-like Neumann problems in variable-
exponent Sobolev spaces via topological degree methods. Filomat 36 (2022), no. 17, 5973-5984.

[18] M. El Ouaarabi, Ch. Allalou and S. Melliani, Existence result for a Neumann boundary value
problem governed by a class of p(z)-Laplacian-like equation. Asymptot. Anal. 132 (2023), no. 1-2,
245-259.

[19] M. El Ouaarabi, Ch. Allalou and S. Melliani, Neumann Problem Involving the p(x)-Kirchhoff—
Laplacian-like operator in variable exponent Sobolev space. Asia Pac. J. Math. 9 (2022), 17 pp.
[20] M. El Ouaarabi, Ch. Allalou and S. Melliani, Existence and uniqueness of weak solution in

weighted Sobolev spaces for a class of nonlinear degenerate elliptic problems with measure data.
Int. J. Nonlinear Anal. Appl. 13 (2022), no. 1, 2635-2653.



98

Noureddine Moujane, Mohamed El Ouaarabi, Chakir Allalou, Said Melliani

[21]

[22]

[23]
[24]

[25]
[26]

[27]

X. Fan and D. Zhao, On the spaces LP(*)(Q) and W™P®)(Q). J. Math. Anal. Appl. 263 (2001),
no. 2, 424-446.

S. Gupta and G. Dwivedi, Ground state solution to N-Kirchhoff equation with critical exponential
growth and without Ambrosetti-Rabinowitz condition. Rend. Circ. Mat. Palermo, II. Ser 73
(2024), 45-56.

P. Harjulehto, P. Hésto, M. Koskenoja and S. Varonen, The Dirichlet energy integral and variable
exponent Sobolev spaces with zero boundary values. Potential Anal. 25 (2006), no. 3, 205-222.

1.-S. Kim and S.-J. Hong, A topological degree for operators of generalized (s.) type. Fized Point
Theory Appl. 2015, 2015:194, 16 pp.

G. Kirchhoff, Mechanik. Teubner, Leipzig, 1883.

0. Kovacik and J. Rékosnik, On spaces LP(*) and W*P(®) . Czechoslovak Math. J. 41(116) (1991),
no. 4, 592-618.

P. Lv, G. Lin and X. Lv, The asymptotic behaviors of solutions for higher-order (mj,ms)-
coupled Kirchhoff models with nonlinear strong damping. Demonstr. Math. 56 (2023), Article
1D 20220197, 13 pp.

D. Liu and P. Zhao, Multiple nontrivial solutions to a p-Kirchhoff equation. Nonlinear Anal. 75
(2012), no. 13, 5032-5038.

C. Li and C.-L. Tang, Three solutions for a class of quasilinear elliptic systems involving the
(p, ¢)-Laplacian. Nonlinear Anal. 69 (2008), no. 10, 3322-3329.

M. Massar, M. Talbi and N. Tsouli, Multiple solutions for nonlocal system of (p(x), ¢(x))-Kirchhoff
type. Appl. Math. Comput. 242 (2014), 216-226.

N. Moujane, M. El Ouaarabi and C. Allalou, Study of some elliptic system of (p(x),q(x))-
Kirchhoff type with convection. J. Elliptic Parabol. Equ. 9 (2023), no. 2, 687—704.

N. Moujane, M. El Ouaarabi and C. Allalou, Elliptic Kirchhoff-type system with two convections
terms and under Dirichlet boundary conditions. Filomat 37 (2023), no. 28, 9693-9707.

M. Mihailescu, V. Rédulescu and D. Stancu-Dumitru, A Caffarelli-Kohn—Nirenberg-type inequ-
ality with variable exponent and applications to PDEs. Complex Var. Elliptic Equ. 56 (2011),
no. 7-9, 659-669.

V. Radulescu and C. Vetro, Anisotropic Navier Kirchhoff problems with convection and Laplacian
dependence. Math. Methods Appl. Sci. 46 (2023), no. 1, 461-478.

M. A. Ragusa and A. Tachikawa, Regularity of minimizers of some variational integrals with
discontinuity. Z. Anal. Anwend. 27 (2008), no. 4, 469-482.

M. Ruzicka, FElectrorheological Fluids: Modeling and Mathematical Theory. Lecture Notes in
Mathematics, 1748. Springer-Verlag, Berlin, 2000.

M. Ruzicka, Flow of shear dependent electrorheological fluids. C. R. Acad. Sci. Paris Sér. I Math.
329 (1999), no. 5, 393-398.

Samko, S. G. Density of C§°(R™) in the generalized Sobolev spaces W™P(®) (R"). (Russian) Dokl
Akad. Nauk 369 (1999), no. 4, 451-454; translation in Dokl. Math. 60 (1999), no. 3, 382-385.

E. Toscano, C. Vetro and D. Wardowski, Systems of Kirchhoff type equations with gradient
dependence in the reaction term via subsolution-supersolution method. Discrete Contin. Dyn.
Syst. Ser. S 16 (2023), no. 8, 2213-2229.

C. Vetro, Variable exponent p(z)-Kirchhoff type problem with convection. J. Math. Anal. Appl.
506 (2022), no. 2, Paper no. 125721, 16 pp.



Kirchhoff-Type System Involving the (a1 (m), aa(m))-Kirchhoff-Laplacian Operator 99

[41] E. Zeidler, Nonlinear Functional Analysis and its Applications, I1/B. Nonlinear Monotone Ope-
rators. Translated from the German by the author and Leo F. Boron. Springer-Verlag, New York,
1990.

(Received 22.10.2023; revised 30.12.2023; accepted 15.01.2024)

Authors’ addresses:

Noureddine Moujane

Applied Mathematics and Scientific Computing Laboratory, Faculty of Science and Technics, Sul-
tan Moulay Slimane University, Beni Mellal, BP 523, 23000, Morocco

E-mail: moujanenoureddine95@gmail. com

Mohamed El Ouaarabi

Fundamental and Applied Mathematics Laboratory, Faculty of Sciences Ain Chock, Hassan 11
University, Casablanca, BP 5366, 20100, Morocco

E-mail: mohamedelouaarabi93@gmail.com

Chakir Allalou

Applied Mathematics and Scientific Computing Laboratory, Faculty of Science and Technics, Sul-
tan Moulay Slimane University, Beni Mellal, BP 523, 23000, Morocco

E-mail: chakir.allalou@yahoo.fr

Said Melliani

Applied Mathematics and Scientific Computing Laboratory, Faculty of Science and Technics, Sul-
tan Moulay Slimane University, Beni Mellal, BP 523, 23000, Morocco

E-mail: s.melliani@usms.ma



	Introduction
	Preliminaries
	Variable exponent Sobolev spaces
	Topological degree theory

	 Hypotheses and main results

