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EXISTENCE AND UNIQUENESS OF A SOLUTION
OF A SELF-REFERRED DIFFERENTIAL EQUATION WITH WEIGHT



Abstract. In this paper, the existence and uniquenesss of a solution of an initial-value problem of a
self-referred differential equation with weight is investigated. In addition, the Lipschitzian continuity
of this unique solution is also considered.
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1 Introduction
Let X be a space of functions, A: X — R and B : X — R be funtionals. Consider the equation
Au(x,t) = u(Bu(z,t),t), (1.1)

where u = u(z,t), (z,t) € R x [0,400), is an unknown function satisfying some initial conditions at
t = 0 for every « € R. Equation (1.1) is called a self-referred equation. Many authors have investigated
(1.1) for different A and B (see [1-5] and the references therein).

In [3], the authors considered the existence and uniqueness of a local solution of the following
initial-value problem of a self-referred differential equation associated with an integral operator:

%u(m,t) = u(/tu(xw?) ds’t>’ t>0, (1.2)

0
u(x,O)zuo(x), I6R7

where (z,t) € R x Rt and ug is a given function. Then, replacing the integral operator in (1.2)
by some integral operators with weight, the authors also got the existence and uniqueness of a local
solution of the initial-value problems

0
u(‘rﬂo) *UO(‘T% IGR?
and
t . z+5(s)
atu(x,t)zu(/%(s) / u(f,s)d{ds,t), t>0, (1.4)
0 z—6(s)
u(z,0) = up(x), r € R,

where (z,t) € R x RT and ug is a given function.
In [6], the authors studied the following system of two partial-differential equations with self-
reference and weighted hereditary:

t

%u(w,t) = u(f(u(x,t)) + ”C/”(”:’ s)ds + @(u(x,t))at)t)a

o (1.5)
1

% v(z,t) = v <g(v(:c, t) + u(t O/U(z, s) ds +(u(z,t)), t> ; t> ,

associated with the initial conditions

u(z,0) =up(x), v(x,0)=uve(x).

With some appropriate conditions on the given functions f, g, ¢, ¥, ugp and vy, the uniqueness of a
local solution and the existence of a global solution of this problem were proved.

By considering (1.1) in one-dimensional space setting and the Chandrase-Khar kernel, the general
state-dependent integral equation via Chandrase—Khar kernel

t+ s
0

(1) :b(t)—s—)\x(/ttg(s,x(s))ds) e o1, (1.6)

was investigated in [7] under some conditions on the given functions b and g. The existence of a
solution of (1.6) and the continuous dependence of this solution were obtained.
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As a generalization of (1.3), (1.4), (1.5) and (1.6), this paper deals with the following initial-value
problem of a self-referred differential equation with weight:

t z+0(s)
0 1
§u(gc,t) = u(au(w,t) + b/ %5(5) /() u(€, s) d{“d&t), (17)
z—06(s

where (z,t) € R x R*, R* = RT U {0}, a € R; up and § > 0 are the given real functions and u is an
unknown function. Using a fixed-point method, the existence and uniqueness of a solution of (1.7)
are studied. In addition, the Lipschitz property of this solution is also obtained.

2 Main results

In this section, we study the existence and uniqueness of a solution of the following initial-value
problem of a self-referred differential equation with weight

t z+3(s)
0 1
_ [ >
py u(z,t) = <au(x,t) + / 25(5) / u(€, s) d¢ ds,t), t>0, reR,
0 z—5(s)
u(z,0) = up(z), z € R,

where z € R, t > 0, a € R, up(0) and §(s) > 0 are two given functions, u is an unknow function.
First, denote

C(R x [0,400),R) = {u: R x [0,400) = R, u is continuous and bounded}.

For u € C(R x [0, +00),R), consider the following operator:

t T z+46(s)
Tu(z,t) = up(x) + /u(au(az,t) + / %(s) / u(§, s) d{ds,T) dr
0 0 z—5(s)

where ug and § are the given real continuous functions.

Remark. Given a continuous and bounded function f: R — R and a non-negative function § : R —
[0, 4+00), it follows that

z+5(s) y+9(s)
‘ / £(6) de — / f(&)df‘
2—3(s) y—5(s)
0 +5(s) y—5(s) Y5 (s)
:’ / £(6) dé + / £(6) dé + / £6) de - / f(é‘)df‘
2—8(s) 0
y—5(s) 246(s)
] row+ [ s df\<2|f||oom—y| (2.1)
=—5(s) y+5(s)

Suppose that
(Ml) a €R;

(M3) wg is a bounded function in R, [Jugl| oo (r,r) < +00;
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(M3) wg is Lipschitz, which means that there exists Ly > 0 such that
|uo () —uo(y)| < Loz — ]
for all z,y € R;

(My) 6 : R — [0,400) satisfies the condition

t
1
0

for all t > 0.

We consider the sequence of functions (uy,), defined by recurrence formula:

t T z+46(s)
ui(x,t) = uo(z) + /uo <au0(:v) + / %(s) / uo(&)d¢ ds) dr,
0 0 z—5(s)
t T ) z+6(s)
Unt1 (2, 1) = uo(z) + /un (aun(;v,T) + / %) / Up (&, 5)d€ ds,7> dr,
0 0 z—5(s)

wheret > 0, x e R, n > 1.
We see that

ur (2, )] < [luolloo (1 + 1),

t2
s, )] < uolloe (141 + 5 ).

By induction on n, we get
nogi
Jun (2, )] < Jluollos Y E
i=1

Therefore, we can choose 77 > 0 such that

n

i
Jnll = @exto 1 < Tolloo Y, = < €™ 1wl -
i=1

On the other hand, we have
0 < |ui(x,t) —ug(z)] < JJuplleot = A1(t), YV €R, t > 0.

Furthermore,

t T
1
e.0) = 0] < Lo+ [ Lo(lao + ol [ 555 5) dr | ho = o] = Ta(ole = ol
0 0

where

t T
1
Li(t) = Lo+/Lo(|a|Lo+ ||uo||oo/5(8)ds) dr.
0 0

Since
T z+5(s)

ug(z,t) = uo(x) + /tul (aul(x,T) + / 251(5) / ui(&, s) d¢ ds,7'> dr,
0

0 z—6(s)
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we have
t T z+06(s)
lug(z,t) — uq(z,t)] §/ [ Uy (aul(x T) +/251(s) / ui(&, s) dfds,7)
0 z—8(s
v o+6(s)
uo(aul ,7T) 251( ] / ui(&, s) dﬁds)
2—5(s)
z+8(s
+ |ug (am x,7)+ uy (€, 8) dfds)
A
- 2+8(s)
— ug (auo( )+/251(s) €3] d{ds) ] dr
0 ©—5(s)

v

[E—
ISH
3

<

[mm+%Qwuﬂ+!m@w

T

[(1 + Lolal) Ay (1) + Loo/Al(S) ds] dr

S O~

[
&

(t).
Furthermore,

‘UQ(l',t) - ’L@(y,t)‘

1
<mm—m+/hvﬂ@th4mmwmmﬂn/& }w—wm
0

S
0

uﬂﬂm+j ((mmu+&wwu]5 sds) ar
0

= Lo(t)|z =y,

Ly(t) = m+j u@wm>éﬁm&]@¢§w
0 0

By induction on n, we get

where

[tni1(2,t) — Uny1(y, 1)

t
1
g%@—y+/bmﬂML<>+mnmmmﬂ]/ﬂs s to = ar

t
_ T) L
—lz -y {L(ﬁ—/Ln <a|L e ||u0||oo/§(s) ds ) dr
0 0

= Lo (t)]x =y,

where

mﬂw=m+jbm(mmvwéwwu]d;w)h
0 0
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It is easy also to prove that
[unt1(x,t) —up(z,t)| < Apg1(t), Yz eR, 0<t<Ty, VneN,

and
|u7l+1('r’t)7un+1(y7t)|SLTH‘l“TiyL vx7y€R7 OStSTh vn€N7
where

t

An+1(t):/ {(1+|a|Ln(T))An(T)+Ln(7)/TAn(s) ds] i,
0 0

t T

Loir (1) —Lo+/Ln(t)<a|Ln(T)+eT1||uo||oo/6(18)ds> dr.
0

0

T
Let My > 0, putting ¢* = f ﬁ ds, Ty < T1, such that for every 0 <t < Ty,
0

Lo(JalLo + €™ uollowc” )¢ < Mo,

(Mo + Lo) | lal (Mo + Lo) + €™ |luo |l oc*|¢ < Mo,

t2
5 (Mo + Lo) + (Mo + Lo)la| + 1)t < h < 1,

we can see that
0 < Li((t) — Lo < /L0<a|Lo + e ol oo / 5 ds) dr
0 0

t
< /L0(|a|Lo + el ||u0|\ooc*) dr < L0(|a\L0 + e HuoHooc*>t < M,
0

and
0 < Lay(t) — Lo
t Ty 1 t
S/Ll(’r) <|a|L1(T)+6T1|u0|OO/5(S)ds> d7'§ /Ll(T)(‘a|L1(T)+6T1||UO||000*) dr
0 0 0

t

= / [Ll(’r) — Lo+ Lo} (|a| [Ll(T) — Lo+ LO] + eTl HUO“ooc*) dr
0

t
< /(MO + Lo) | lal (Mo + Lo) + €™ uo | occ” | dr
0

< (Mo + Lo) | al (Mo + Lo) + €™ [luo loc* |t < Mo.
By induction on n, we get
OStSTQ, OéLn(t)—LQSMo, Vn eN.

So, we obtain
OStSTQ, OSLn<t)SLO+M0, VTLEN
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As a result, it follows that

t

AnH(t):/ {(1—#a|Ln(T))An(T)+Ln(7)/TAn(s) ds] dr
0 0

t

< / [(1+ lal (Mo + Lo)) | Anl <o) + (Mo + Lo)ll Anll e oz | dr
0
t2

= [|Anll Lo (j0,12]) {(1 + lal(Mo + Lo))t + (Mo + Lo);} < hl|An|l Lo (0, 12))-

In conclusion, the series

> 1 Anl Lo (po.12))

n=0
is convergent and we deduce that the sequence (uy,) is uniformly convergent to a function uv* € X. It
is easy to prove that u* is the solution of Problem (1.7), Va € R, t € [0, Tz]. Moreover, the solution
u* is unique. In fact, we assume that w(z,t) is also the solution of Problem (1.7). Then we have

t T z+6(s)
(e, t) — u* (. 8)] = uo(x)+/u(au(x,7)+/261(8) / (e, 7) d5d5,7> dr
0 0 z—5(s)
t T z+6(s)
- [uo(x)—F/u*(au*(x,T)—i—/;(s) / u* (&, 1) d{dsm) dT:|
0 0 z—8(s)
t T z+5(s)
< ‘/u(au(ﬂcﬂ') +/2%(3) / u(&,T) dﬁdsn-) dr
0 0 z—8(s)
t T ) z+5(s)
_/u* <au*(x,7')—|—/25(s) / u*(€,7) dfds,T) dr
0 0 z—6(s)
t T z+5(s)
g/ u<au(x,7’)+/251(8) / (g, ) dfds,7’>
0 0 z—6(s)
T z+8(s)
—u* (au(x,T) +/251(8) / u(&, ) dfds,7> dr
0 z—5(s)
t T ) z+6(s)
—‘r-/ u*(au(x,T)—l—/%(s) / w(&, ) dfds,T)
0 0 z—0(s)
T z+8(s)
—u*(au*(x,T)—F/%l(s) / u*(&,7) dfds,r) dr
0 z—5(s)

t
§/||E—u*|\ood7
0
z+5(s)

t T
o, 1 .
—&-O/(MO—I—LO){M 7 — u |O°+0/25(s) / 17— 0 dgds] dr

z—8(s)
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t T ) z+48(s)
= |z - Mo + Lo) || — u* L
= ot + 0o+ Lol ol [ [l + [ 5505 [ deas|ar
0 0 z—6(s)
t T
_ ||ﬂ—u*||oot+(Mo—i—Lo)Hﬂ—u*Hoo/ {|a+/ds} dr
0 0

t
— = w*[laot + (Mo + Lo)|[ — u*HOO/ [lal + 7] dr
0

= [T - u*]loo [(Mo + Lo)(\a|t + g) + t}

= 17— oo [ 5 (Mo + Lo) + (Mo + Lo)lal +1)1]

< |z — us - b

Since 0 < h < 1, we deduce ||& — u*||oc = 0. We conclude that u*(z,t) is the unique solution of (1.7).
Moreover, from (2.1) it follows that

|u*(x,t) — u*(y,t)| < (Mo + Lo)|lz —y|, Vz,y €R, te[0,Tz],

and from (2.2) it follows
(2, 2) = u* (a2, 11)] < €7 [l otz — 1,
hence u* is Lipschitz in the first variable (uniformly with respect to the second one) and is Lipschitz

in the second variable (uniformly with respect to the first one).
To summarize, the following theorem is proved.

Theorem. Suppose (M1)—(My) hold. There exists T > 0 such that Problem (1.7) has a unique solution
ue CRx[0,T],R)NL>®R x [0, T],R). In addition, u is Lipschitz in the first variable (uniformly
with respect to the second one), and Lipschitz in the second variable (uniformly with respect to the
first one).
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