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Abstract. For a binomial, nonautonomous fourth-order differential equation with rapidly varying
nonlinearity, necessary and sufficient conditions for the existence of solutions are obtained in a special
case, and asymptotic representations of these solutions and their derivatives up to the third order
inclusive are established as t T w (w < 4+00).
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1 Introduction

We consider the differential equation

y ™ = agp(t)e(y), (L1)

where ag € {—1,1}, p : [a,w][—]0, +0o0] is acontinuous function, —0o < a < w < 400, ¢ : Ay, —
10, +o0] is a twice continuously differentiable function such that

ither 0 i
P20 at yehy, lm o) =0T Oy FWEW
y—Yo or oo,  yYo  ¢(y)
YyEAY, YyEAY,
Yy equals either 0, or +00, Ay, is a one-sided neighborhood of Y.
From conditions (1.2) directly follows that
¢'ly) ') oy (y)
~ as y — Yy (y € Ay,) and lim = +o00. 1.3
ely) ¢y o { 2 y=Yo (y) (1)

YyEAY,

According to these conditions, the function ¢ and its first-order derivative (see the monograph by
M. Maric [8, Chapter 3, § 3.4, Lemmas 3.2, 3.3, pp. 91-92]) are rapidly varying functions as y — Yj.

Definition 1.1. A solution y of the differential equation (1.1) is called a P, (Yo, Ag)-solution, where
—00 < Ag < 400, if it is defined on the interval [tg, w[C [a,w[ and satisfies the following conditions:

y(t) € Ay, at t € [to,w], ltley(t) =Y,

" 2
imy®0 =1 " k=123, m LDy
ttw or oo, ttw y” (t)y® ()

Earlier, the asymptotic behaviour of P, (Yp, Ag)-solutions of equation (1.1) was investigated in [5]
in the case where )y € R\ {0, %, %, 1}. The aim of this paper is to study the existence and asymptotic
behaviour of P, (Yy, \g)-solutions in the special case where A\g = 1. In this case, due to the a priori
asymptotic properties of P, (Yp, Ag)-solutions (see [2, Chapter 3, §10]), for each P, (Yp,1)-solution,

the following asymptotic properties hold:

y/(t) N y”(t) N y/l/(t) N y////(t)
y(t) vyt Y@

) t if w=+4o0,
T, (t) =
t—w if w<+oo.

i
as tTw, and lim
tTw

where

From this, in particular, tt follows that the P, (Yp, 1)-solution of equation (1.1) and its derivatives up
to the third order inclusive are rapidly varying functions as ¢t T w.

2 Some auxiliary statements

In studying the behaviour of P, (Yp,1)-solutions, along with (1.4), we will use some properties of
functions of the class I'y, (Zp). This class of functions was introduced in the work of A. G. Chernikova
[1] using the well-known class I' introduced by L. de Haan. A detailed description of the class I' can be
found in the monograph by N. H. Bingham, C. M. Goldie, J. L. Teugels [4, Section 3.10, pp. 174-180].

Definition 2.1. The class I'y,(Zp) consists of the set of continuous and monotonic functions f :
Ay, — 10, +oo] satisfying the condition

lim  f(y) = Zo € {0; +o0} (2.1)
y—Yo
YyEAY, (b)

for each of which the corresponding function f defined below is continuous and non-decreasing:
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(1) the function fo(y) % for Yy = +o00 and Zy = 0;

Yy
f(_y) for Yb = —00 and ZO = +OO,

(2) the function fo(y)

(3) the function fo(y)

f (%) for Yo = 0, Ay, =]0,y0] and Zy = +o0;

(4) the function fo(y) = ﬁ for Yo = 0, Ay, =]0, 4] and Zy = 0;

(5) the function fo(y) = f(—%) for Yo = 0, Ay, = [yo,0[ and Zy = +o0;
(6) the function fo(y) = ﬁ for Yo = 0, Ay, = [yo,0[ and Zy = 0;
(7) the function fo(y) = f(y) for Yy = +o00 and Zy = +0o0,

and each such function fy belongs to the class T

From this definition and the properties of a function of the class I', it is clear that for every function
f of the class I'y,(Zp), there exists a continuous and nonzero function g : Ay, — R\ {0}, which is
called auxiliary to f, such that

lim fly +ugly) =e" for any u € R. (2.2)
Yo f(y)
YEAY,

This auxiliary function ¢ is uniquely defined up to the equivalent functions for y — Y, one of which

is the function
Yy . . _
[ f(z)de vo, i M f(y) = o0,
YEAY,
Yy, if lim f(y) =0.
y—Yo
YEAY,

, where Y = (2.3)

In addition, from the properties of the functions of the class I'y,(Zy) established in the work of
A. G. Chernikova [1], the following auxiliary statements hold.

Lemma 2.1.

(1) If f € T'y,(Zy), then it is fast changing as y — Yy, and its auziliary function g satisfies the

condition
lim 9 _ o,
y—Yo y
YEAY,

(2) If f € T'y,(Zy) with an auxiliary function g, then, for any continuous function u : Ay, — R
satisfying the conditions

y—Yo
yEAY, YyEAY,

lim u(y) = uo € R, ylln% [y +u(y)g(y)) = Zo,

there is a limiting ratio
fly+u@eW) _ u

lim —F——222 —¢
y=Yo f(y)
YEAY,
Lemma 2.2. If f € T'y,(Zy) with an auxiliary function g is strictly monotonic, then its inverse
1Az, — Ay, is a slowly varying function as z — Zo and satisfies the asymptotic relation

b FI09 = £7)
=2 g ()

zEAZO

=1InAX for any A >0, (2.4)

and moreover, for each A > 1, this asymptotic relation is satisfied uniformly by \ € [%, Al.
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Lemma 2.3. If the function f : Ay, —]0,+o00[ is twice continuously differentiable and satisfies the

conditions Y
F@)£0, I fy) = Zo€ {0400}, lim LW
= 3 f2(y)
YyEAY, YEAY,

=1

)

then the functions f and f' belong to the class Uy, (Zy) with an auziliary function g, which is uniquely
determined up to equivalence as y — Yy. Moreover, one of the following functions can be chosen as g:

where Y is defined in (2.3).

In addition to these lemmas, we also provide a statement that belongs to the theory of slowly,
properly and rapidly varying functions (see, e.g., the monograph [4, Appendix, Proposition 10, p. 117]).

Lemma 2.4. If fy: Ay, — R\ {0} is a continuously differentiable function and

1 1C)
v Yo Jo(y)

YEAYy,

=0, (2.5)

then the function fy is, respectively, slowly varying function in the case o = 0, a regularly varying
function in the case of 0 < |o| < 400, and a rapidly varying function in the case of o = +oo, as
Yy — Ys.

For more information on slowly, regularly and rapidly varying functions, as well as their properties,
see monographs [2,4,8,10]. In particular, it is known that for every regularly varying as y — Yp function
f Ay, = R\ {0} of order o, the following representation holds:

f(y) = lyl” L(y), (2.6)

where L : Ay, — R\ {0} is a slowly varying function as y — Yj, i.e., one for which the asymptotic
relation L)
. yA)
yli)ni}o () 1 for any A >0 (2.7)

is satisfied, and which is uniform with respect to A for any finite interval [¢,d] €]0, +oo[. In addition,
there exists an equivalent continuously differentiable function fy (called a normalised regularly varying
function of order o) as y — Yy for which condition (2.5) is satisfied. In addition to the above
statements, we also use Theorem 2.2 from [6] which concerns the existence of vanishing solutions at a
special point for a system of quasilinear differential equations.

3 Main results

Let us introduce the necessary auxiliary notation and assume that the domain of the function ¢ in
equation (1.1) is defined as follows:

Yo if Ay, left side Yy,
Ay, = Ay(30), where Ay, (yp) = § W01 I Ay left side T
1Yo,90] if Ay, right side Yp,
where yo € Ay, such that |yg| <1 for Yo =0 and yo > 1 (yo < —1) for Yy = o0 (for Yy = —o0).
Let us put
1 if Ay, = [yo, Yol,

3.1
-1 if Ay, =]Y0,y0). 3.1)

po =sign¢'(y), vo =signye, 1= {



6 Sergiy V. Golubev

Note that the numbers vy, v; determine the signs of any P, (Yy, \g)-solution, the first derivative in
some left neighbourhood w. In this case, the conditions

v, < 0 if Yy = 0, w1 >0 if Yo= +o0,
are necessary for the existence of such solutions.
In addition, let us introduce two auxiliary functions
t y
1 ds
Jo(t) = [ pg(T)dr and ®(y) = | —5——,
[slipi(s)
Ap B
where pg : [a,w[—]0, +00[ is a continuous or continuously differentiable function such that p(t) ~ po(t)
as t T w,
w Yy
1 . ds
w, if /PS (1) d7 < +o0, Yo, if [ —5—5— = const,
|slipi(s)
AO = % B = y(;/o
. i _ ) ds
a, if [ pi(r)dr =+o0, vo, if - = F00.
/ J et

Now, let us consider some properties of the function ®. It preserves the sign on Ay, tends either
to zero or 00 as y — Yy, and is increasing on Ay, , since on this interval, () = |y|~ 3¢ "3 (y) > 0.
Therefore, there exists an inverse function @1 : Az — Ay,, where, due to the second condition (1.2)
and the monotonic growth of &1,

ither 0
Zo = lim @(y){el a4

y—=Yo or +o0,
yEAY, (3 2)
(20, Zo[, if Ay, = [yo,Yo[,
Az, = { ) ’ 2o = P(yo).
1Zo, z0], if Ay, =]Yo, 0],

In addition, we would like to draw your attention to the fact that

( i (y) )/: 1 [3_3 o(y) _w(yw”(y)}
wligw)/ ety 14 4ue'l)  ¢*(y)

Hence, taking into account conditions (1.2) and (1.3), we obtain the following relation:

1 ’ 1 1

( <p§4(§/) ) =—371 [—Z—Fo(l)} as y — Yp.
|1 (y) [yl Tet(y)

Integrating this ratio over the interval from yg to y and taking into account the rule for choosing the

integration limit B in the function ®, we conclude that

4 3
=20y o)) sy Yo (53
ylie' (y)
Hence, taking into account the sign ¢’, we obtain
sign ®(y) = —po at y € Ay,. (3.4)
Considering (3.3) and (1.3), we have
o’ -3 _1 /
W _ e ) | ) oy
@(y) P(y) 4o(y)

")ely) _ 1 yIH e T w) ;28 + 1] o)
@/Q(y) T4 =T~ (y)

~1 as y— Y.
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Therefore, ® € T'y,(Zp) and, according to (2.2) and (2.3), one of the equivalent functions can be
chosen as its complement

N,(; ) as y — Y.

*"(y)  @'(y) (v)
Since
e 20@7ME)) 2@ @)@ ) | 2Lt
=h w@@) ek P(@1(2) e gi(y) ’

according to Lemma 2.3, the function o(®~1(2)) is a regularly varying function of order —4 as z — Zo,
i.e., there exists a representation

P(@71(2)) = |27 L(2),

where L : Ay —]0,400[ is a slowly varying function as z — Z. Similarly, it can be shown that
the function ¢’ (®~1(z)) is also regularly varying of order —4 as z — Z,. In addition to the above
notation, we also introduce the following auxiliary functions:

(@~ (1 o(t)) 2 (11 Jo(1) @' (2~ (11 Jo (1))
agJ3(t) ’ (@~ (1 Jo(1))) ’

q(t) = H(t) =

Ji(t) = / (T (@ Jo(F))) dr, Ja(t) = / Ti(r)dr,  Js(t) = / To(7) dr,
Aq As Az

where

w

foif / Po(P)p( @ (11 Jo())) dr = +oc,

Al = tlw
w if /pO(T)gD(q)*l(VlJO(T))) dr < 400, t1 € [a,w],
ty
t; if /Jl(T) dr = 400, ty if /JQ(T) dr = +o0,
A2 = tlw A3 _ tlw
w if /J1(7'> dr < +o0, w if /JQ(T) dr < +o0.
t1 t1

The following statement is true for equation (1.1).

Theorem 3.1. For the existence of P, (Yy,1)-solutions of differential equation (1.1), the following
inequalities

viodo(t) <0 for t €la,w], (3.5)
aory <0 if Yo=0, agry >0 if Yy = +oo, (3.6)

and conditions
coli(t) O B0 S @ k@) .

o~ Jo(t))  Ju(t)  Jo(t)  Js(t) @ i(vido(t))
lim H(t) = o0, 14 1tle Jo(t) = Zo,

tTw
i D@ 0T L w000 38)

ttw (I)fl(Vljo(t)) tTw Jo(t)
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must be satisfied.cIn addition, for each such solution, ast T w, the following asymptotic representations
hold:

() =2 )1+ 7] (39)
V(1) = 0051 +o(L], ¥'(1) = a0kl +o(D], (1) = a0kl +o(1)] (310

Proof. Let y : [to,w] — R be arbitrary and P, (Yp, 1) be a solution of differential equation (1.1). Then,
according to (1.1), conditions (1.4) and the introduced notation, we have
signy(t) = ap, sign y/(t) =y, sign y”(t) = Qo,
signy”(t) = 11, signy™® (t) = .

At the same time, as already established, condition (3.6) is satisfied. Furthermore, according to the a
priori properties of P,,(Yy, \g)-solutions (1.4), the following asymptotic relation holds

Y () () o () v (1)
70 w0 76 500~ G

From this ratio, (1.1) and taking into account that

sign (Z;((f))) = r1Q0,

4
y"'(t) = ) y(t) as t T w.

we obtain
'(t)\ 4 (y(t))
() = oot 5,557 (ot oD)] as £
and therefore,
0 20 o
VO (e
o] =" (o® i) (Lol as ¢ e
y'(¢) :leg(t)[1+o(1)] as t Tw.

AYENRERY
ly(®)]5p3 (t)
Integrating this ratio over the interval from ¢; to ¢, we obtain

y(t) t

d 1

%:V1/p8(7)[1+0(1)]d7 as t 1T w.
|s[Tp1(s)

y(t1) t1

Since, according to the definition of P (YO, 1)-the solutions, y(t) — Yy as ¢t T w, it follows that the
Yo
improper integrals [ Hgdisl() and f p0 7)d7 coincide or diverge simultaneously. Given this fact
y(ty) STt

and the rule for choosing the limits of mtegratlon Ap and B in the functions Jy and ® introduced at
the beginning of this section, the above relation can be written as

D(y(t)) =1Jo(t)[1+o0(1)] as t T w. (3.12)
Hence, taking into account conditions (3.1) and (3.4), it follows that inequality (3.5) and the second
of conditions (3.8) are satisfied. Moreover, using (3.11) and (3.12), we obtain the relation

1

y'(t) ~pg (1)

ly()IEet (R(y(1)  Jo®)

[140(1)] as t T w.



Asymptotic Properties of One Class of Solutions of a Binomial Nonautonomous Fourth-Order Differential Equation 9

Applying relation (3.3) for this purpose, we obtain

Next, we have
T ()Y (@) vy (y(@) _  Amu(t)Jo(t)
y(t) p(y(t)) Jo(t)
whence, taking into account the second of the asymptotic relations (1.3), (1.4), the validity of the
fourth of conditions (3.8) follows.
Using the fact that there is an inverse function to the function ® and (3.12), we obtain

[140(1)] as t 1T w,

y(t) = 2 (11 Jo(t)[1 + o(1)]). (3.13)

Given that the second condition (3.8) is satisfied, we find that the function ®~1(z) is slowly varying,
and p(®1(2)) is a regularly varying function of order -4 as z — Zy, then according to the uniform
convergence theorem for slowly varying functions, we have

O (o)1 +0(1)]) ~ @ (11 Jo(t) as t 1w,
(@ (1 Jo()[1 +0(1)]) ~ o(@ (1 do(t))) as t T w.

Based on these asymptotic relations and taking into account (1.1), (3.11) and (3.13), it follows that

v . (po@)so(cb—lwo(t)))
y(t) (0 do(t))

Since y(t) ~ & H(r1Jo(t)), then Iny(t) ~ In® 1 (v1Jo(t)) as ¢t T w. Differentiating both parts, we

obtain
Y1) (@ do(t)’
y(t) O (v1Jo(1))

Comparing the latter expression with the previous one, we get

v . (po(txo(@—l(wo(t))))% _ (@7 (1 do®))
gty 0! =1 (1o (1)) 1 (11 Jo(t))

Substituting (3.13) into the right-hand side of equation (1.1), we obtain

1
)4 as t T w.

as t T w.

as tTw. (3.14)

y D (t) = aopo(t) (@ (1 Jo(1))[1 + o(1)] as t T w.

Next, integrating successively the last relation over the interval from ¢ to ¢, where t5 € [t1,w] is chosen
so that v1Jy(t) € AZy for ¢ € [t2,w[, and taking into account the definition of the P, (Yp, 1)-solution,
we obtain the following asymptotic representations:

y"'(t) = apJ1(t))[1 + o(1)] as ¢ 1w,
y"(t) = apJa(t))[1 +0(1)] as t T w,
y'(t) = agJ3()[1 +o(1)] as t T w,

i.e., reflections (3.10) occur. Taking into account (3.14) and based on (1.4), we obtain that asymptotic
relations (3.7) hold. Morover, based on condition (1.4), the third condition (3.8) is satisfied. The
validity of the asymptotic representation (3.9) follows directly from (3.13) and Lemma 2.2, if we take

into account that ® € I'(Yy, Zp) with the auxiliary function g(y) = —tf((g)). O

To establish the actual existence of solutions with the obtained asymptotic representations, in
addition to the necessary conditions from Theorem 3.1, some auxiliary statements will be needed.
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Lemma 3.1. Assume that for the function
(3.15)

1

2@y ‘ y¢' (y)
o(y)

Yo (£/u))2
yyez% ( ©(y) )

' (y

ey ) _ l(y)

’ 5 3

@E
(3.16)

=

—~

=

(

A

Proof. Let us assume the opposite. Then the following relation holds:

S

either const # 0,

lim Uy) = {or + o0

in which
y—Yo
YyEAY,

Integrating this ratio over the interval from yy to y, where yo,y € Ay,, we obtain
l
> (3.17)

1 L)OI

((5;)))‘31> :l[ |§|) ds.

( ¢'() ‘*1 ‘
Ho -
¢(y) i
Next, consider two possible cases.
Yo
1) Let us first assume that [ % ds = £oo. In this case, (3.17) can be written as follows:
yo 1817
[t
s|l4
[1+0(1)] as y — Y. (3.18)

1
1

ye' (y) ‘*4 T
Ho =
o(y) ly|

)it
lim 4vl(y)

Here, according to L’Hopital’s rule in Stolz form,
[ 1) ds
- y—Yo

lim T
lyla G

and therefore, based on (3.16), the right-hand side of (3.18) tends either to a constant value other
than zero or to infinity as y — Y. At the same time, according to the second condition (1.3), the

left-hand side of (3.18) tends to zero as y — Yj, i.e., we obtain a contradiction.
Yo
2) Let now [ 1) ds = const, which is possible only for Yy = 0. In this case, from (3.17) we have

1(s) ds

5]

go |54
¢'(y) |7 r
2oy e |
e(y)
0
where c is a real constant. We will show that here ¢ = 0. If this is not the case, then we will have the

=c¢;+o(l) as y — 0, where ¢; #0,

relation
o(y)
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from which it follows that

/
lim W((g; —0.
—
R0 el
However, this contradicts the second condition (1.3).
Thus, in case 2), we have
y
ol =i
o(y) %
0
from which we find that
fy 1) g

‘yso’(y)’—% _ o sl

Here, the limit of the right-hand side, as y — 0, based on L’Hépital’s rule and (3.16) is either a
constant different from zero or equal to oo, whereas the left-hand side, according to the second
condition (1.3), is equal to zero. The results obtained in each of the two possible cases indicate that
the assumption of a non-zero limit of the function I(y) as y — Y; was incorrect, and therefore, the
boundary condition (3.15) holds. O

Lemma 3.2. Assume for the function

q (1) H|? (8)J5(t)

t =
=)
there is a finite or equal to oo limit. Then this limit can only be 0. That is,
’ o 1
ttw JS(t)

Proof. If a finite or equal +oco limit exists on the left-hand side of the limit relation (3.19), this limit
is zero if the following condition is satisfied:

Yo

/(W’(y))é dy _ (3.20)

y

Using relation (3.14), we have

@~ nh@®) (po(t)cp(qfl(vdo(t))))i
(11 Jo(t)) 1 O=1(v1Jo (1)) '

Then, based on conditions (3.3), (3.5), (3.7) and taking into account that ¢'(®71(2)) is a regularly
varying function of order —4 as z — Zj, we have

¢ (t)| H|> (1) J(t) q’(t) (o) (‘1’_1(V1J0(t))<P’(‘1’_1(VlJO(t))))%
J3(t) (@~ (w1 do(t))) (@~ (1 Jo(t)))
2! (1 Jo(t)) )i( " Jo ()¢ (@ (VlJO(f))))%
0(t) (@~ (11 o(1))) (D= (r1Jo(t)))

- ool (8RO @ o)) s o1

—V1aoq()(

Po
Assuming that the limit as ¢ — w of the expression on the left-hand side is a non-zero constant, from
the above we obtain the following relation:

B (@ onle) e

qt) = V1aop§ (t) (W
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const #£ 0,
+o0.

Integrating this ratio over the interval from ¢y to ¢ and taking into account the second conditions
(3.2), (3.5), (3.8) and condition (3.20), we obtain

where th_I)IvlJ &(t) =

/V1a0p61‘(t)(M) Z((p (‘I’_I(V1Jo(t))))_%dt

Y1 Jo(t)
T e | O E.
2 NTE i -k yo' (y)\ 2 dy
e e ]

So, 75lim q(t) = £o0.
—w
However, this is impossible, since, according to (3.7), ¢q(¢t) — 1 as t — w. Thus, taking into account
the existence of the limit on the left-hand side of (3.19) and the condition (3.20), this limit can only
be zero. O

Theorem 3.2. Let py : [a,w][—]0,+00] be a continuously differentiable function, and along with
(3.5)—(3.8) the conditions

@' (y) 1
() v’ w))5 _ o i q'(0)H|? (1) 5(t) _ 0 391
S (2@ |l o) | T e T5(t) - (3:21)
yyeA;% Sz #(y) )2 el “ 3
hold. Then, in the case where apug = —1, the differential equation (1.1) has a two-parameter family

of P,(Yy, 1)-solutions, each satisfying the asymptotic representations

TN 0(1) iy 0(1) "o 0(1)
v(0) = aoda®)[1+ g | ¥'(0 = ank®) 1+ ] (0 = aahi) |1 e | 322

ast T w.

Proof. Let us assume that py : [a,w[—]0, 4+00[ is a continuously differentiable function and conditions

(3.21) are satisfied along with conditions (3.5)—(3.8). We prove that in this case, when agug = —1,

the differential equation (1.1) has at least one solution that allows asymptotic representations (3.22)

as t T w, and we clarify the question of the number of such solutions. Since p(t) ~ po(t) as ¢t T w, the

representation p(t) = po(t)[1 + r(¢)] holds, where r : [a,w]—] — 1, +00[ is a continuous function such

that ltle r(t) = 0. Taking this fact into account, the differential equation (1.1) can be transformed
w

using the substitutions

lﬁgg}’ y P (t) = a0 Ja—k(t)[L + yregr ()] (k= 1,2,3) (3.23)

y(t) = (1 o(1)|

into a system of differential equations

= E(®)[1 - q(t) + h(t)g(t)yr + y2],
Yy = jﬁg [ys — el
Ys = jig [ya — sl 520
h= e [~ 1+ Gl L+ (0],
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where
INANEC Sl 20100 B G- c o)
BO =0kl oswn) - MO e

-
@@ (o () + % 1)
(@1 (11 Jo(1)))

Taking into account condition (3.5), the first condition (3.8), condition (3.1) and the last condition
(1.3), we choose a number t; € [a,w[ such that

G(ta yl) =

1 Jo(t) € Ag, for t € [t,w],

p(@~ (11 Jo(1))
@' (=1 (v do(t)))

Let us consider this system of equations on the set

1
y1 € Ay, for t € [t1,w] and |y1] < —. (3.25)

(1 Jo(1)) + 1

1
Q:[tlaw[XRzy where R% :{(y17y2ay37y4): |yz| S 1 (1217’4)}

At the same time, we note that according to the first of conditions (3.1), (3.8), (3.15) and the second
of conditions (1.3),
ltiTm O Jo(t)) = Yo, 1tiTmH(t) = +oo. (3.26)

On the set [t;,w[ xR}, the right-hand sides of the system of equations (3.24) are continuous, and
4

the function G has continuous partial derivatives up to the second order inclusive with respect to the
variable y;. Expanding the function G for a fixed t € [t1,w[, by using Maclaurin’s formula with a
remainder term in the Lagrange form up to the second-order terms, we obtain

where

P(@ (0 To(1))) " (271 (na Jo(1)) + Elerir e ¢ )
(@ (i do(1)))

From (3.22) and (3.23), together with the last condition in (1.3), it follows that

R(ta yl) -

1€1] < |yl

21 (801 0(1)
_ @0 D) + e &) [+ r1(t, )]

P2 (1o (1)) ¢
P(D1 (11 Jo(t)) + Eigra e &1)

@' (@7 (r1o(t)))

gp”((bfl(z/lJo(t)) + 1

N——

where ltle r1(t,y1) = 0 uniformly for y; € [—1,1]. By virtue of Lemma 2.3, the functions ¢(y), ¢'(y) €

I'(Yy, Zy) with the auxiliary function given by g(y) = _;“(D?SZ)’). Therefore, using (2.2), (2.3) and

Lemma 2.1, the last asymptotic relation can be written as

p(®~ (11 Jo(1))) ¢ ) _ (@ do(1)

@ do®) ) T @ gy ¢ L)

@ (@7 do(t) +

where hm ro(t,y1) = 0 uniformly for y; € [— It follows that R(t,y1) = e~ fx[1+7”2 (t,y1)]y?, where

47 4]
€] < \y1| and 7y satisfies condition (3.25). Owing to this representation, for every € > 0, there exist
to € [t1,w[and 0 < § < % such that

|R(t,y1)| < (1 +¢e)yi for t € [to,w[, |y1| <§. (3.28)
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Hereinafter, we will assume that the number € > 0 is chosen arbitrarily. Taking into account (3.27),
we write the system of equations (3.24) in the form

v = B[ —a(t) + h(D)a(t)yr + o),
vz = ijgg lys — v,
/ (3.29)
Ys = jzgg [ya — ysl,
;@)
Y4 =70 [r(t) + 91 (L +7(t) = ya + R(t,y1) (1 +7(1))]

and examine it on a set [to,w[ xR}, where RE = (y1,y2,vs,y4) : |y1] <6, |y2| <6, |ys| <0, |ya| < 6.
Using the transformation

y1 =21, ypr=qt)—1+2 (k=2,3,4), (3.30)

system (3.29) is reduced to a system of differential equations:

21 = BE@)[(t)a(t)z1 + 2],

R IR TR

o IRTE I
2 = ﬂg { —d'(t) ﬂg +rt)+1=q(t) + L+ 7))z — 24+ R(t, 21) (1 +7( ))} :

In the system of equations (3.31), the factors on the right-hand side before the square brackets in
the second, third, and fourth equations are equivalent as t 1 w according to condition (3.7). As for
the ratio of the factors in the first and second equations, based on (3.7) and the second condition in
(3.26), we have

E(t)Jg,(t) _ OZ()Jg(t) J3(?f)
J3(t) D1 (v1o(t) J5(t)

H(t) ~ H(t) —» oo as tTw.

To asymptotically equalise these coefficients, we apply an additional transformation to system (3.31)
_3 1 1
z1 =v1, z2o=|H()| 2va, 2z3=|H(t)| 2vs, z4=|H(t)| *vs. (3.32)

As a result, we obtain a system of differential equations of the form

v; = h(t) [fi(t) +kz4:cik(t)vk +Vilt,vr, .. v)| (G=1,...,4), (3.33)
where :
(e = WBOHO ) - BOTOR
hs(t) = Jé(t;ijégt)l4 . ha(t) = J{(t()fi gt)|4 ’
D=0, falt) = _q’(t)Je}(?l)ff(tW |
fy = JLOROUEOW 0 dORO
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c11(t) = qt)h()H(t)3, c12(t) = aopo, c13(() =0, c14(t) =0,

()20, em(t) = > TLOBO iyt =1, () =0,

4 |H ()5 T5(t)
—[H@®)|"3, esat) =1

1 H(0)J4(t) 1
——————|H

4 H(t)|3Ti(t)
Vi(t,v1,v2,v3,04) =0, i=1,2,3, Vi(t,v1,v2,v3,v4) = R(t,v1).

C3l(t) = 07 632(t) = 0, ng(t) = —

C41(t) =1 + T(t), C42(t) = 0, C43(t) = O7 C44(t) =

Here, the functions h;(t) satisfy the following conditions:

hi(t) £ 0 and for to <t < w, /hi(t)dt:ioo.

By virtue of the second condition (3.21), conditions (3.8) and the introduced notations (3.1), we obtain

%iTmfi(t):(), 1=1,2,3,4 as t T w,
li t) = li t) = li t) = li t) =
lim cin(t) =0, lin c12(t) = aopo, lim c13(t) =0, lim c14(t) =0,

tlTTng(t) 0, tlTrg(323(t) : tlTIgCM(t) 0,

li t)=0, U t)=0, U t)=1
#2631() , #BC”() , t1T15034() ,

ltlTrg e (t) =1, ltlTrg ca2(t) =0, ltlTrg ca3(t) = 0.

Furthermore, considering that

|) (q)_l(VlJO(t)))/ [|H(t)|_% + h(t)|H(t)|% }

|H(t)|5  @(do(t))
and the first condition (3.21) is satisfied, using (3.7), we obtain
lim —(i) 10 R, —Hl(i) 2() o g LSO
¢ [H(¢)] 5 () J1(t) ¢ [H(¢)] % () J5(t) tre [H(t)|3 (1) J5(t)

that is,

1t1TIB C22 (t) = O, 1t1TIL1 C33 (t) = 0, 1t1TIL1 Cq4 (t) =0.

Considering the above, the boundary matrix of the coefficients C(Cik(t));{k:l of system (3.33) as t T w

has the following form:

0 Qoo 0 0
0 0 10
C= 0 0 0 1 (3.34)
1 0 0 0
The characteristic equation of this matrix is
M = appo. (3.35)
In the case where aguo = —1, equation (3.35) has two roots with a positive real part and two roots

with a negative real part. That is,

; T2k T+ 27k .. (m+ 27k
A1 =€ 1 :cos< )—i—zsm(

), k=0,1,2,3,
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(=1+4).

|G

V2 .
A4 = - (1+£1), Xo3=

Finally, note that according to the estimate (3.28),

lim V(ta Ul)

evenly across t € [to,w].
v1—0 U1

Thus, for the system of differential equations (3.33), all the conditions of Theorem 2.2 from [6] are
satisfied. Based on this theorem, system (3.33) has a two-parameter family of solutions (v;)i_; :
[to,w[— R* (t; € [to,w]) tending to zero as t T w. According to transformations (3.30) and (3.32),
each such solution of the system corresponds to the solution y : [t1,w] of the differential equation (1.1)
satisfying the asymptotic representations (3.22) as ¢ T w. It is also easy to verify that each of these

solutions is a P, (Yp, Ag)-solution of the differential equation (1.1). O

Comment. The question of the actual existence of P, (Y, \g)-solutions of differential equation (1.1)
admitting asymptotic representations (3.8)—(3.10) as ¢ T w in the case apup = 1 remains open.
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